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ABSTRACT

Jamming is a phenomenon in granular systems that is similar to a thermodynamic phase
transition, like freezing. With jamming, a system shifts from liquid-like behavior to solid-
like behavior. In phase transitions other features are observed, such as increased fluctua-
tions near the transition point. In jamming transitions, this has been observed as spatially
heterogeneous dynamics (SHDs) increasing near the transition [24, 32].

In this work, we investigate whether SHDs occur in granular systems approaching
the clogging transition, a transition distinct from jamming. We apply techniques to mea-
sure SHDs successfully implemented for jammed systems, such as strings, �4, and grain
boundaries [32, 36]. Due to the localized nature of clogging, we have focused our are of
interest on the more immediate are around the aperture of a system.

We examined experimental data collected by Harada (MHC ‘18) in quasi 2-D granu-
lar silos. With this data we used tracking code that implements the Crocker-Grier method
[18, 38], to identify and track particles from frame to frame. With this position data, we
are able to identify the crystallinity of the packing throughout our systems. Our goal was
to find specially heterogenous dynamics in these systems by finding the amount of disor-
der in the particle packing of these systems. In addition to this, we compared the trends
in the amount of disorder of systems that clogged and systems that did not clog, as well
as systems with and without obstacles. We found that an overall higher level of disorder
in a system could be correlated to a larger amount of mobility in the system, similar to
granular temperature [18].
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1 INTRODUCTION

1.1. Granular Materials

A granular material is a large group of macroscopic particles. From 101 particles, like

a pile of rocks, to 1020 particles like sand in a dune field. Granular materials are distinct

from other states of matter due to their ability to behave in either a liquid or solid manner

[1, 2]. A familiar example of this is beach sand. When densely packed, you can easily

walk across it like a solid. This same sand could also be poured into and take the shape

of your chosen container like a liquid. This behavior, among other behaviors unique to

granular materials, can be seen in many other situations and have practical applications

in agricultural, construction, and pharmaceutical industries. These three industries all de-

pend on being able to control the movement of granular materials. Grains and soil are

examples of granular materials and are important examples in the agricultural industry.

Pills and powders are examples of granular materials in the pharmaceutical industry. In

construction, sand is used in concrete and as a feedstock for steel. Granular flow is also

a broad topic of research in geology, for example, erosion, landslides, and tectonic move-

ments. Most of our planet’s landscapes are composed of soft matter and because of this,

the movements of the landscape are based on collective events [3].

A hopper is a container used to hold grains with a funnel at the base for grains to

exit through as seen in Figure 1.1. The difference between a hopper and a silo is that

a silo has a flat bottom with an aperture, which is the opening the particles are able to

leave out of, while a hopper typically has a more funnel shaped bottom. Hoppers are
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Figure 1.1: Illustration of a hopper from [5].

also commonly called silos, and even though they are different, the terms can be used

interchangeably. The flow geometry of a silo has larger scale applications due to how it

resembles industrial grain silos, and it is also the flow geometry used in our experiment.

These set-ups are useful to collect information about the behavior of granular systems,

such as flowing and clogging. Hoppers are widely used for material transport. Hoppers

can also be used to develop and test solutions for clogging in full-scale grain silos, along

with helping to gain an overall idea of how gravity driven granular materials behave [4].

Simplified grain silos are often used in experiments to learn about clogging behavior and

granular flow.
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(a) A water clock, the shape and num-
bering account for the change in vol-
ume [7].

(b) A sand timer, also refered to as an
hourglass. The mass flow rate is con-
sistent regardless of the amount of sand
left [8].

Figure 1.2: Water Clocks and Hourglasses

Granular flow from a silo is quantitatively different from liquid flow. In a liquid the

main driver of flow is hydrostatic pressure near the exit aperture. As the liquid flows out,

this pressure decreases. Thus, the mass flow rate decreases as the container empties. An

example of this is a water clock which was commonly used in Ancient Greece, China, and

Babylon, shown in Figure 1.2(a). One version of a water clock is a cone-shaped vessel

with different markings to represent each hour. The shape is important because the mass

flow rate will decrease as the water flows out, due to the rate of the water flowing out will

decrease as the outlet pressure is reduced over time [6, 7].

In contrast to liquid flow, a granular system’s mass flow rate does not depend on filling

height. This property is used to make sand timers, like you would find in board games,

Figure 1.2(b). The mass flow rate and the clogging probability are most affected by the

size of the container and the size of the aperture in relation to the diameter of the particles
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being used [9, 10]. The mass flow rate is usually described by the emperical Beverloo

equation, Equation 1.1 [11].

W = C�b
p
g(D0 � kR)� (1.1)

W is the average mass discharge rate, C is the discharge coefficent and can depend on

friction coefficent of the system. The shape coefficient, k, is specifically based on the shape

of the particles in the system. �b is the bulk mass density, g is the acceleration of gravity,D

is the diameter of the outlet, R is the particle diameter, and � is a dimensional coefficient

which depends on the shape of the aperture. For our experiments we use � = 3=2. Filling

height and pressure are not aspects of this equation, the key relationship is between D

and R. When D=R is less than 5 clogging is likely, though the flow is still o follow the

Beverloo equation [9].

1.2. Jamming

Jamming is a non-localized behavior that occurs throughout an entire system. It is a

universal behavior in granular materials, as all granular systems have the potential to jam.

It describes the shift from particles being able to move throughout a system coming to a

standstill [12]. Weeks et al. describes a jammed material as an “amorphous solid” or a

meterial that is structurally disordered and has a yield stress [2]. A material that possesses

a yield stress can elastically deform under low amounts of stress, and irreversibly deforms

(yields) under high stress. An example of this is toothpaste, which can maintain its shape

on a toothbrush until it is vigorously sheared by contact with our teeth.
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As mentioned previously, there are many types of granular materials, and jamming is

a way to compare this behavior that is exhibited by different granular systems. This can

be due to many factors; three primary factors are load, temperature, and density, as seen in

Figure 1.3(a) [13]. Density refers to packing density, or how close the individual particles

are to each other in a given volume. Density is equal to the volume of the particles in a

system divided by the total volume. Packing density is often shown with �, as seen in

Figure 1.4. For example, random closely packed 3D systems generally have a packing

density of about 64% [14], random closely packed 2D system have a packing density of

about 84%, and 2D hexagonal closely packed systems has a packing density of about 91%

[15]. Load refers to stresses (forces) driving the granular system, the driving force of

a system is commonly gravity. From thermodynamics, one definition of temperature is

the microscopic energy per molecule. The more random motion there is in a system the

higher the temperature. The granular research community has defined a similar quantity

for grains as granular temperature. Granular temperature is the average kinetic energy

associated with the random motions of the grains in a system. This motion could be

from random bumping between neighboring particles and can be made more significant

by external forces such as vibration or gas-fluidization [16].

Jamming has also been studied as an analogy to the molecular glass transition. The

glass transition is when a disordered system becomes so viscous that it is unable to move,

and the solid state is freezed in a disordered liquid-like arrangement. Granular systems

have been used to try to gain a better understanding of glass systems, as glassy systems

can not be directly visualized. This is because the molecules are too small to see, on the

order of 0.2nm to 20nm, and optical microscopy has a resolution limit of 200nm.
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(a) Phase diagram showing how the
probability of jamming is effected by
density, load, and granular temperature
[13].

(b) Phase diagram showing how com-
patible load ( 1

CL
), length scale (�), and

incompatible load (IL) increase or de-
crease the chance of clogging [17].

Figure 1.3: Comparing clogging and jamming.

Figure 1.4: This figure from Van Hecke (2010) shows how packing density � effects soft
frictionless particles below, at, and above the critical density �c. Below the critical density
the particles have no contacts, at the critical density the system is more ridged and the
particles are just touching, and then above the critical density we see a jammed system
with particles firmly touching. Due to the fact that these are soft particles, they are also
deforming [13].
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1.2.1 Jamming vs. Clogging

Jamming and clogging in a system can be visually similar, since in both cases the system

changes behavior and stops moving. A key difference between clogging and jamming is

the fact that clogging is a localized behavior, usually occurring at a bottleneck. A bottle-

neck refers to a smaller passage where particles are being funneled; for example, a large

room of people trying to leave through one small door. Depending on the density, speed,

and force of the motion of people, they will clog at the door leading to a standstill unless

something changes, for example, another door opening or people being moved around.

Similar to pouring grain through a funnel, there is a chance the funnel will clog. This is

defined as the clogging probability. This clog can then be broken up by disturbing the

grains which will grant room for movement.

This variation in clogging probabilities is either increased or decreased based on ex-

perimental conditions and can be manipulated accordingly [18–20]. For clogging we look

at compatible load, length scale, and incompatible load, Figure 1.3(b). Compatible load,

comparable to load for jamming, refers to the driving force in the system, in our case this

is gravity. Length scale refers to the comparison of particle size to outlet size [17]. In

our research, and a majority of the literature, the diameter of the particles are used as a

unit for normalization throughout the experimentation set-up, as mentioned in Section 1.2

systems tend to clog when D=R < 5. Incompatible load refers to a force that could un-

clog a system, for example vibrating the system to dislodge particles. Incompatible load

is analogous to granular temperature for jamming. In our experiments incompatible load

is the addition of an obstacle which introduces randomness in both motion and structure

[18].
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2 BACKGROUND

2.1. Spatially Heterogeneous Dynamics

Spatially heterogeneous dynamics (SHD), refers to the differing behavior of particle

movement throughout a system, specifically when multiple speeds can be observed across

a system, with no apparent organization. This behavior was originally seen leading up to

glass transitions [21, 22]. Further research and experimentation showed that SHD is also

present in granular systems leading up to the jamming transition [23, 24]. These behaviors

can be looked at throughout a system to gain a better understanding of jamming. For both

glassy and granular systems, an increase in SHD as these systems approach the glass or

jamming transition has been observed. To know if there is an increase in SHD, one must

find a way to recognize and calculate the amount of area they are taking up in a system

[25–31].

2.2. Strings

One way to find and categorize SHD is strings. As the name implies, strings are

groups of particles that move through a system. More specifically, a string refers to parti-

cles that are directly replacing the position of a neighboring particle within a set time. This

creates behavior similar to a conga line on a crowded dance floor. Finding these strings

and calculating the area they take up in a system over time can help determine if there is

an increase or decrease in SHD leading up to a transition in behavior [32, 33].

Keys et al. [24] looked at the prevalence of strings leading up to the jamming transi-

tion. They used data from an experiment by Abate et al. [23, 32]. The system has an equal
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(a) Scamatic of the experiment. The
particles used in this system were steel
spheres of two sizes, 0.318 and 0.397
cm.

(b) The clusters of strings are colored
based on their speed during a 12s pe-
riod . The red particles represent the
particles with the most mobility, and
the red particles with arrow vectors are
strings [24].

Figure 2.1: Experimental set up from [32] and the analysis done by [24].

amount of two different sizes of steel beads, 0.318 cm and 0.397 cm. While this experi-

ment uses two different sized beads they were not actively looking at what effects it might

have on the system. The beads were confined in a horizontal circular system and excited

with upward airflow, like an air hockey table as seen in Figure 2.1(a). They then tracked

the particles, their neighbors, and velocities to map out strings in the system, as seen in

Figure 2.1(b). They found that there was a positive correlation between the presence of

strings and the density of the sytem [24].

2.3. Four-point Susceptibility

Four-point susceptibility, also known as �4, is another way to measure heterogeneous

behavior in a system. �4 is not a direct measurement of SHD, but it is correlated. �4 is a

way of seeing the amount of mobility in a system, which is related to SHD [24, 32].
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�4 requires a few steps to define. At the core is a quantity called the self-overlap

parameter, w. In brief, we measure the position of one particle, and ask if it overlaps

“itself” in a subsequent frame. If it does overlap, it is given the value of 1; if it has moved

more than one radius from its initial position, then the value is set to 0.

w = (jri � rjj) =


1 : if jr1 � r2j < a0

0 : otherwise
(2.1)

a0 is the distance a particle can move between being in its original position and being fully

in the position of a neighboring particle. a0 is typically set to hRi, which is the average

bead radius of the system, though there are inherent limitations in any choice, especially if

the motion is highly variable. Next a parameter,Q, is calculated in Equation 2.2. Q(t; �) is

the fraction of particles that have stayed within a distance of a0 from their original position

at time t over the time interval � . As the particles in a system move around from their

initial position, the area fractions affect how quickly Q(t; �)) decays. The area fraction is

similar to the packing density. The difference being that the area fraction is the space in a

specified area that is taken up by the particles, while the packing density refers to the mass

in a certain volume. Q(t; �) goes to zero when a particle has completely moved away from

its original position. This measurement can be taken at multiple times and averaged to get

the time averaged order parameter, Q(�).

Q(t; �) =
1

N2

N∑
i=1

N∑
j=1

w(jri(t)� rj(t+ �)j) (2.2)

(i=j) a particle overlaps with itself
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(i 6= j) a particle overlaps with a different particle

As stated previously Q(�) refers to the averaged order parameter. � is the time inter-

val, and t is the time the measurement is taken. N is the number of paticles in the system.

ri and rj are used to indicate the position of the particle and if it overlapping with itself or

another particle, as previously defined in Equation 2.1. i = j means the particle overlaps

with itself and i 6= j means the particle is overlapping with another particles position.

How quickly Q(�) decays depends on the packing density of the system. If a system

is very tightly packed it is more difficult for particles to move from their original positions.

In comparison, a less dense system has more freedom to easily move around, leading to

Q(�) decaying quickly. SHD in time and space will make the individual measurements of

Q vary, so to capture the SHD we calculate the variance of Q. The normalized version of

this parameter is �4, Equation 2.3 [32, 34, 35]. Figure 2.2 shows how �4 increases as a

system approaches jamming due to an increasing packing density.

�4 = N jhQ(�)2i � hQ(�)i2j (2.3)

�4 is generally easier to interpret in jammed systems due to the fact that there is some

inherent symmetry in them. We can still compare the difference in the height of the �4

peak and the location of the delay time peak. Clogging systems are harder to interpret

due to the lack of symmetry and their localized nature. This can be observed in the fact

that there is a secondary peak, or "shoulder", in the distribution, as shown in Figure 2.3.

�4 shows the variance of Q, or the heterogeneity of the mobility in a system. Previous

reaserch in the Nordstrom Lab has been done looking at �4 in clogging systems, and they



2.4. GRAIN BOUNDARIES 12

Figure 2.2: This figure is from Abate’s 2006 thesis. Figure a shows the overlap order
parameter and figure b shows the scaled variance, which is �4. The different lines refer to
different area packings. The higher the area packing, the longer the system is static [32].

were able to get results and see a trend in behavior, specifically that cooperative motion

increases with aperture size, but �4 does not tell you where SHD are in a system and the

results are difficult to interpret [36].

2.4. Grain Boundaries

Grain boundaries are another way to look at string-like behavior in a granular system.

Instead of using �4 to characterize strings in a system we can use local packing structures

to identify clusters in the system. These clusters have crystalline, or close to crystalline,

packing, illustrated in Figure 2.4. This generally means they have the maximum amount

of neighbors within a specific distance. These clusters are separated by patches, or gener-

ally smaller groups, of particles with non-crystalline (less densely packed) particles. The

amount of clusters and the number of particles in these clusters inform us how much space

they occupy in the system. With this information, we can calculate the area of the grain
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(a) The particles in a system move from 1,
overlapping with “itself”, to 0, in a new po-
sition. The different colored lines indicate
different instances of measurements being
taken. This graph does not fully decay to
zero. This is due to the set-up used in this
experiment, Figure 3.1, there are particles in
the bottom left and right corners that never
move.

(b) c oorresponding �4 graph for the (a)
Q distrabution. The shoulder indicates that
there are multiple time/length peaks present.

Figure 2.3: Comparision of Q and �4 graphs made form the same experiment data. These
graphs are from an experiment with a set-up of 4.5D aperture and a 5.5D obstacle which
was placed 6D above the aperture.
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Figure 2.4: a) An example of a crystalline packing, specifically a hexagonal packing
structure, commonly known as a "hex" packing. b) An example of non-crystalline pack-
ing. Specific types of disorder in packing a dislocations, individual missing particles, and
disclinations, which are lines of out of place particles, both of which are shown in figure
b).

boundaries in our total system. Grain boundaries are the less tightly packed regions be-

tween clusters. Grain boundaries are extremely likely to have strings within them, and

there is correlation between an increase in the number of grain boundaries and an increase

in SHD [24, 37, 38]. This method was used to observe the effects of having varying con-

centrations of bidispersed particles in a system in Berardi et al. [37]. The particles used

in the system were 3 mm and 2 mm chrome spheres. They looked at two concentrations

of the smaller particles. The low concentration was when 3% of the total particles were 2

mm, and the high concentration was 10%. They used a rectangular quasi-2D set-up, but

unlike our set-up, Figure 3.1, there was no aperture and the system was shaken to create

random motion.
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(a) raw image from the experiment. The red line
is for scale and is equal to 2 cm [37].

(b) The color bar indicates the packing
of the particle. 	6 is how close a par-
ticle is to being in a hexagonal pack-
ing with purple being a hexagonaly, or
near hexagonally, packed particle and
red being the furthest away form being
considered hexagonally packed. The
black dots are particles that are a part
of strings [37].

Figure 2.5: These images are from Berardi et al.(2010). They are of the particles from an
experiment with a higher concentration of smaller particles.
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(a) The average percent
of area taken up by grain
boundaries increases as the
small particle concentration
increases.

(b) The average number of
strings in a system increases
as the small particle concen-
tration increases.

(c) The average number of
particles in a string increases
as the small particle concen-
tration increase.

Figure 2.6: Results from Berardi et al., showing the effects of increasing small particle
concentration in a system [37].

Berardi et al. identified grain boundaries in the system, based on the packing struc-

ture, and strings within those grain boundaries. They found that increasing the concentra-

tion of smaller particles leads to an increase in the total area the grain boundaries occupies

in the system, the number of strings present in the system, and the number of particles in

those strings as seen in Figure 2.6. These graphs show that increasing disorder in a system

leads to an increase in SHD. This due to the systems having a higher concentration of

small particles which leads to an increase of behaviors, like strings and grain boundries,

that indicate SHD.
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3 EXPERIMENTAL WORK

The data referenced throughout this thesis was taken by Harada (MHC ’18), and some

analysis results were published in 2022 [18]. This chapter details the methods and results

from that paper, along with changes we have done to the code, specifically to improve the

featuring and tracking of the videos.

3.1. Experiment Background

Data on flow and clogging probability was collected using a quasi-2D granular silo to

see how the introduction of an obstacle impacts the system. The silo is made of transparent

acrylic walls, with a gap created between the sheets of acrylic and the exit structures made

of a teflon insert, as seen in Figure 3.1. The particles used in the experiment are acrylic

spheres with 3.160 � 0.002 mm (Engineering labs, Oakland, NJ). A teflon circle is used

as an obstacle by fixing it to the acrylic wall with tape. The teflon, acrylic, and the T-slot

aluminium that creates the frame are all from McMaster-Carr. These teflon circles were

cut using a laser cutter in the Fimbel Maker and Inovation Lab at Mount Holyoke College.

The plug for the aperture was 3D printed with PLA filament. Five obstacles of various

sizes were used: 3D, 5.5D, 10D, 17D, and 30D where D indicates one particle diameter.

Particles are added into the silo until mostly filled, and then a video is taken as the plug

in the base of the silo is removed to release the particles. The recording is stopped when

the silo fully clogs or all the particles exit the silo. The camera used is a Phantom V1611

camera (Vision Research) to film up to 1000 frames per second at a resolution of 1280

× 800 pixels. Experiments were carried out with each obstacle size at five heights from




