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ABSTRACT

Systems as diverse as sand, crowds of people, and the rings of Saturn can be classified as
granular materials. Omnipresent in our daily lives, in nearly every field of science, and part
of billions of dollars per year in industry, we know surprisingly little about how granular
materials behave. For systems such as gases we can take the understanding that atoms
will bounce off of each other and the walls and derive the Ideal Gas Law. No such local
behavior to bulk behavior scaling exists for granular materials. Due to factors discussed
within such as unequal force distribution, there is a mid-“meso-scale present that disrupts
our ability to predict bulk behavior. As a result, granular systems can behave both in a
liquid-like manner when they flow or a solid-like manner when they jam.

In this thesis, we study the specific geometry of a silo, which can be simply concep-
tualized as a container, filled with a granular material, that has a outlet (aperture) in the
bottom – thus allowing the grains to flow out under the force of gravity. This ostensibly
simple system is reasonably well described by an equation called the Beverloo equation,
but only for typical systems: hard particles at regular Earth gravity (9:81m=s2). Under-
standing how systems of soft particles flow is important for building a comprehensive
model of granular flow and for applications in fields such as biology. Understanding how
granular materials behave in different gravity is essential for space exploration and extra-
planetary science. For example, if we want to land a spacecraft on an asteroid that has its
own microgravity, we need to understand how the grains that make up the surface of that
asteroid will behave in a system very different to what we have on Earth.

In order to study these questions, we use molecular dynamics (MD) simulations
through the software LAMMPS (Large Atomic/Molecular Massively Parallel Simulator).
This software uses Newton’s law of motion and a model of particle contact to output po-
sition, velocity, and force data for each particle at every timestep. Simulating our system
allows us to easily vary particle stiffness, gravity, and the diameter of the aperture. We
study a quasi-two-dimensional system made up of a single vertical layer of spheres. We
present our results on local measurements such as granular temperature, mesoscale mea-
surements such as velocity profiles, and bulk measurements such as flow rate. We also
discuss pressure waves that we observed within our system. We present a hypothesis for a
relationship between granular temperature and deviation from the Beverloo equation. We
also observe that a dimensionless ratio of gravity and stiffness, �, collapses many of our
measurements and reveals trends.
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1 INTRODUCTION

Granular materials are ubiquitous and the study of them spans many disciplines, from

physics and astronomy to biology, geology, and more. A granular material is simply a

collection of discrete, macroscopic particles. Obvious everyday granular materials include

sand and trail mix, but there are also less obvious, or more exotic, granular materials

like the rings of Saturn or crowds of pedestrians. They also include both hard systems,

such as gravel, and soft systems, such as oil droplets suspended in water or blood cells

suspended in plasma. Particles in a granular system interact simply via contact forces, such

as friction and normal forces. Additionally, the particle size is large enough that thermal

motions are negligible. Systems of very small molecules, such as gases, are governed

primarily by random motion, referred to as thermal motion. Granular systems have large

enough particles that these random motions are not a contributing factor to the energy of

the system (although a similar concept, called granular temperature will be discussed in

section 2.5.2) [1]. Because of their ubiquity, there are many motivations for understanding

granular materials. For instance, after water, granular materials are the most used material

in industry, with wide-ranging manufacturing applications [2].

Granular systems are made up of many discrete particles, each of which interacts with

neighboring particles. Despite the conceptual simplicity of these systems, the collective

interactions of these particles produce rich phenomena which are still poorly understood.

For ideal gases, one can use classical kinetic theory to predict the bulk properties of gases

simply by modeling the microscopic interactions as elastic collisions. For pure fluids, other
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statistical physics arguments predict bulk properties like viscosity, and simple force and

energy arguments can give us predictive equations of fluid motion. For granular materi-

als, similar attempts fail — bulk behavior cannot be predicted by microscopic interactions

alone — there appear to be multiple length scales that govern material properties [3]. As

a result, granular systems can be studied at multiple scales, including the microscale, that

of individual particles, the “mesoscale" (middle scale), local collections of particles, and

the bulk scale, that of the system as a whole [4]. Microscale interactions include fric-

tion and other contact forces between particles and forces between particles and the wall.

Mesoscale observations include force chains, the phenomenon that particles do not share

equal loads of force, but instead force propagates in “chains" (see figure 1.1 throughout

the material. Bulk scale observations include flow rate, one of the main focuses of this

research.

Figure 1.1: Example of force chains, from Behringer et al. [5]. The light colored chains
show uneven stress distribution within the material.

In 1895, German scientist H. Janssen published a paper describing the results of a

series of experiments analyzing the pressure at the bottom of a corn silo. Traditional silos
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could hold up to a 25 m tall layer of corn – the equivalent of 250 tons. Janssen reasoned

that there must be enormous pressure on the walls and floor of the silo and ran a series

of smaller experiments, which led to a surprising conclusion. When the height of the

corn layer exceeded the width of the silo, the pressure at the bottom saturated and ceased

to increase [6]. One of the most important aspects of granular materials in a silo is this

effect, called the Janssen effect, which is the result of the nature of granular materials.

There are contact forces both between particles and static friction between particles and

the walls [1]. The frictional particles support shear forces, which means that the force

chains propagate not only downwards, as expected, but also horizontally. This creates

load-bearing structures across the silo, allowing the pressure to saturate at the bottom.

The Janssen effect causes granular materials flowing from a silo to behave remarkably

differently from fluid flow.

If you fill a container with fluid, the pressure at the bottom is proportional to the

height of the fluid in the container. The flow of water from the bottom decreases as the

height of the fluid decreases. However, with granular materials, due to the Janssen effect,

the flow rate of the granular particles out of the orifice is relatively constant.

The flow of fluids is described by the Navier-Stokes equations. These equations are

derived from the existing theory of fluids and how they behave. The set of equations

fully describes the observed experimental behavior. No equations analogous to Navier-

Stokes exist for the flow of granular materials. The Beverloo equation is a formula for

granular flow. Derived from experimental observations and dimensional analysis rather

than a theoretical basis, the Beverloo equation is empirical and requires fitting to each

individual system [7]. This will be discussed in further detail in the next chapter. Although
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it has been proven to be accurate for most systems, it tends to underestimate the flow rate

of soft particles. Due to their ability to deform, soft particles can essentially squeeze

through an outlet in a way hard particles cannot [8]. Furthermore, the effects of gravity

on granular flow have not been well quantified. The Beverloo equation states that the flow

rate should scale with the square root of gravity, but few experiments have tested this [9].

Non-normal gravity is understandably difficult to study experimentally. Past experiments

have used centrifuges to increase gravity [9], tilted the silo of near-frictionless particles to

decrease effective gravity [8], and rotated a single layer of particles to decrease effective

gravity [10]. Understanding how gravity, especially low gravity, affects granular materials

is important to fields such as planetary science and systems in microgravity, like the surface

of asteroids or motion within asteroid belts. Microgravity here refers to systems where

gravity is a fraction of Earth’s gravity.

In this work, we use simulations of soft granular flow to explore the applicability of

Beverloo to systems of soft particles in varying levels of gravity. We systematically vary

the width of the outlet aperture of the silo, the stiffness of the particles, and the gravity of

the system.
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2 BACKGROUND

As explained previously, there is no complete theory for how different systems of granular

materials will behave. Granular materials are relevant to fields of science as diverse as

mechanical engineering, planetary science, geology, and astrophysics. Due to the diversity

of applications, it is important to understand how these omnipresent materials behave in

unusual environments, such as microgravity. The previous chapter explored the general

background of granular materials. This chapter will explore the relevant mechanics of

granular materials in more detail as well as the behaviors that we will study in this thesis.

We perform molecular dynamics (MD) simulations using software called LAMMPS

(Large-scale Atomic/Molecular Massively Parallel Simulator) ([11]) to explore the flow

behavior of particles. We vary three main parameters: 1) silo outlet diameter, 2) particle

stiffness, and 3) gravity. We assume a uniform gravitational field that mimics the con-

stant gravity on planetary surfaces. We aim to quantify a relationship between micro-

and mesoscale flow behavior and the gravity and stiffness of particles, represented by a

dimensionless measurement we will introduce in Chapter 3.

2.1. System Geometry

This research concerns granular particles within a silo geometry. This can be thought

of as a container with an outlet (hole) at the bottom, allowing particles to flow out. We

choose to use a silo because it is a standard geometry that is simple yet poorly understood

[12]. Silos also have many practical applications, including transporting granular materials

in industry (e.g. sand for concrete, animal feed, pharmaceutical powders, and pills). In
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this context, they are prone to issues like clogging and ratholing, which is when only the

material directly above the outlet moves and the material on the edges does not move.

Figure 2.1: Diagram of the quasi-2D silo used for simulations. Side lengths are given in
particle diameters (pd). Not to scale.

We specifically utilize a quasi-two-dimensional geometry. “Quasi-2D" refers to how

the system consists of a single 2D layer of particles, but the particles are 3D spheres. The

quasi-2D geometry allows us to more easily visualize the behavior of individual particles.

Because all particles within the system can be visualized at the same time, analysis is

easier. Furthermore, while LAMMPS can simulate true 3D systems, they are more com-

putationally intensive than quasi-2D systems. Quasi-2D systems are frequently used in

silo flow research and serve as analogues to 3D systems [8, 13, 14]. Examples of real-life

2D systems include traffic, pedestrian flow, and material flow on a conveyor belt.
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The simulation box consists of a single vertical layer of spherical particles within a

62 particle diameter (pd) wide and 700 pd tall box. The depth of the box is 1.1 pd, thus

allowing only one layer of spherical particles, creating the quasi-two-dimensional nature.

These dimensions were chosen to minimize the effects of the walls on the flow. Previ-

ous studies [7, 15] have found that the flow rate out of a silo is independent of the diameter

of the silo if the diameter is greater than 2:5D0, where D0 is the outlet diameter and if the

silo diameter is also greater thanD0+30 pd Our system satisfies both of these requirements

as the maximum outlet diameter used is 20 pd.

2.2. Jamming

Granular systems can exhibit solid-like and fluid-like behaviors. In the solid-like state

the system is considered to be “jammed". Compare sand in two states: flowing liquid-like

from your hand and packed into a sand castle. The sand castle is an example of a jammed

state caused by confining the particles with pressure. In the same way, granular systems in

a silo may jam as particles attempt to exit the outlet [12].

2.2.1 Clogging

Clogging is a specific jamming situation where the unidirectional flow causes a jammed

state and the flow is blocked by particles. In a 2D geometry this is caused by particles form-

ing an arch over the outlet. Hard spherical particles form symmetric, spherical arches. The

range of outlet diameters at which clogs appear varies depending on the system. It is still

debated whether there is a “critical diameter" size above which the system will never clog,

or whether clogging just becomes statistically unlikely. However, recent computational

and experimental studies agree with the second theory that there is no critical outlet size
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Figure 2.2: An example of a clog from one of our experiments. Outlet diameter (red line)
is 4 pd. Due to soft particles, low gravity, and friction the arch is not symmetric about the
outlet, nor a perfect semicircle.

[16, 17]. This thesis does not examine clogging; however, we do explore behavior changes

as outlet diameter approaches a diameter at which clogging occurs. Figure 2.2 shows an

example of a clog from one of our simulations. We found that our system clogged in simu-

lations with an outlet diameter of less than 5 particle diameters wide. Our observed arch in

a softer, lower gravity system is neither symmetric nor spherical. While beyond the scope

of this thesis, investigating these arch shapes could be future work. We study only systems

that do not clog, with an outlet diameter of 6 pd or larger.

2.3. Flow

As introduced in the previous chapter, the silo flow rate of grains is constant as long

as certain conditions are fulfilled. The particle stack must be 1.2 times the diameter of

the silo [7]. Figure 2.3 shows an example psuedo image of what our system looks like
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when flowing. First proposed by Beverloo et al. in 1961, the Beverloo equation (2.1)

empirically describes this constant flow rate [18]. It functions based on the argument that

there is an “arch" spanning and proportional in size to the outlet diameter. Below this arch,

the particles are in free fall, and above this arch their velocities are negligible. It should be

noted that this is a non-rigorous explanation and that there is some disagreement on this

[19]. The Beverloo Equation is:

W = C�b
p
g(D0 � kpd)n+1=2 (2.1)

In this equation, the flow rate W scales with the square root of gravity, g. It also

depends on the diameter of the outlet aperture, D0, bulk density �d and particle diameter

pb. Dimensional analysis of this system gives a D3=2
0 relationship for a two-dimensional

system and D5=2
0 for a three-dimensional system, so n = 1 for 2D (or quasi-2D) systems

and n = 2 for 3D systems [7]. C and k are dimensionless empirical fitting constants that

must be scaled for each system. C is an empirical discharge coefficient and depends on

the friction coefficient and the bulk density of the system. A typical fitted C value for

a hard, frictional system is between 0.55 and 0.65 [7]. k, the shape coefficient, is more

inscrutable and there is a debate about its meaning and a reasonable range of values for

it. One argument is that it relates to the effective outlet size and the self-blocking of the

particles. Some papers say that k is independent of particle size and between 1 and 2 [15],

while other papers found that the only reasonable value is 1 [20].

Because this research concerns soft particles, it is important to note that particle stiff-

ness, or Young’s modulus E, does not appear explicitly within this equation. Rather, it is

implied in the bulk density �b term.
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Figure 2.3: An example pseudo image of our system, colored by instantaneous speed.
Simulation parameters: E = 107 Pa, g = 1g, D0 = 11 pd.
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�b =
mNparticles

Vtotal
(2.2)

In equation 2.2, �b is calculated by dividing the number of particles by the total vol-

ume they take up, including the spaces between particles (2.2) . As particles become softer,

they deform and compress more under their own weight, leading to an increase in �b [7].

Although Beverloo is relatively accurate in describing many systems, it falls short in

a few key ways. It was developed for very specific systems of hard particles flowing under

normal Earth gravity through relatively small outlet diameters. When a system diverges

from one of these measurements, the fit results in less accurate predictions. Furthermore,

Beverloo assumes a monodisperse system, a system in which all particles have the same

diameter. Most real granular systems are bidisperse (containing particles of two diameters)

or polydisperse (containing particles of three or more diameters). However, because this

research concerns a monodisperse system, we will not further explore this topic.

The next issue concerns the two empirical constants,C and k. There is no clear theory

for what gives rise to these constants, besides their connections to flow rate and particle

shape. While it is relatively easy to fit C by taking flow measurements for different outlet

diameters, one must fit it to each system individually. k is often assumed to be 1, and

some previous work has suggested eliminating k entirely [7]. Furthermore, while fitting

C and k for a small range of outlet sizes results in a close correlation with Beverloo, for

experiments spanning several decades of particle diameters the fit is no longer accurate,

diverging at either small or large apertures, depending on the fit [7].

Finally, previous work in soft systems and systems flowing at non-normal gravity

have shown divergence from Beverloo. Because soft particles have the ability to deform,
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they often flow at higher rates than predicted by Beverloo. This is especially true near the

clogging point, as soft particles are able to deform in order to pass through outlets smaller

than their diameter [8].

2.4. Soft Particles

In our simulations we model particles with Young’s moduli (“stiffness") between 104

- 107 Pa. The softest particles are similar to hydrogel beads used in previous studies, such

as Hong et al. (2017) [8]. Soft particles have the ability to deform, which often leads to

significantly different behaviors from otherwise identical systems of hard particles.

For example, as mentioned in the previous section, clogging diameter is smaller for

softer systems because soft particles are able to deform. This often causes Beverloo to

significantly diverge from measured flow rate for large outlets [8]. Importantly, recent

research found that friction plays a key role in the flow of soft granular systems. Pongó et

al. (2021) found that for soft granular systems with relatively high friction maintained a

steady flow regardless of particle layer height, but low-friction systems behaved similarly

to a fluid and flow rate decreased with layer height [21]. Low friction particles can slide

past each other, but high friction particles become jammed, which causes a constant flow

rate. We simulate soft particles with friction (�f = 0:5), discussed more in Chapter 3.

Because our systems are frictional, we found a constant flow rate that did not vary with fill

height.

2.5. Measurements

Chapter 3 describes the LAMMPS Molecular Dynamics (MD) simulations performed.

The output of these simulations is a file containing position, velocity, and force informa-

tion for every single particle (identified by a particle ID) for each timestep. These data
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Figure 2.4: Examples of different flow patterns a) Bulk, all particles move downwards,
including particles on the walls. flow b-d) Types of Funnel Flow. Only particles above the
outlet are moving downwards and particles on the edges are static. Figure from Mathews
et al. (2016) [9].

can be used to calculate several different measurements of flow. The simulation updates

in timesteps of 0.1 milliseconds and data is recorded every 1000 of these timesteps, for a

data resolution of 10 samples/s. A typical simulation has 100 seconds, or 1000 samples,

of data.

2.5.1 Velocity Profile

Several different flow patterns are possible within a silo. All the material can be flowing

downwards in what is commonly referred to as “mass flow", but which we will call “bulk

flow" to avoid confusion with the measurement of flow rate in kg/s. Bulk flow is generally

considered ideal; however, it is more common to have some form of funnel flow in which

particles on the edge of the silo do not move due to shear forces from the walls [9]. Figure

2.4 shows different possible flow patterns.
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One method of determining the flow pattern of a silo is through a velocity profile.

This is a time average of particle velocity at a given vertical height, or between a range

of heights. The velocity is calculated for each horizontal position. Experimentally this

is calculated using high-resolution video and particle tracking. We easily calculate this,

discussed in-depth in section 4.1, using the output position and velocity data. In an ideal

bulk flow pattern, the vertical velocity profile would be a flat line. In a funnel flow pattern,

the vertical velocity profile will have a u-shape or v-shape depending on how slowly the

edge particles are moving compared to the center particles.

2.5.2 Granular Temperature

During granular flow, the bulk movement is downwards towards the outlet but individual

particle movements may vary from this. Much like a gas has thermal motion, “granular

temperature", first introduced by Ogawa et al. in 1980 [22], is a measure of fluctuations

in a granular system. It is caused by particle-particle collisions and the resulting random

motion in the system [23]. In our simulations, we find the time average of the granular

temperature near the outlet using the x-component of the velocity (see Chapter 4 for more

details), using equation (2.3), from Endo et al. (2018) [14].

Tgx � h�V 2
x i = h(Vx � hVxi)2i (2.3)

This equation presents the granular temperature Tgx as the variance of the horizontal

component of the velocity, h�V 2
x i. Variance is the average squared deviation of the data

from the mean. Endo et al. (2018) studied a similar silo system so we imitate their tactic

of ignoring the vertical motion. By only considering the horizontal fluctuations we ignore
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the complication of having to subtract out the directed vertical motion. Because the system

is driven by gravity, the directed motion is in the vertical direction. The deviation from

this vertical direction is the observed random motion.

2.5.3 Pressure Waves

Figure 2.5: Pressure wave within one of our simulations. The colors represent vertical
velocity, with blue being regions of high downwards velocity. The pressure waves move
upwards in the silo, but the constituent particles have a high downwards velocity.

A phenomenon observed within silos in both laboratory and industrial applications is

pressure or stress waves (hereafter referred to as pressure waves). These waves are com-

prised of traveling energy within the silo. The waves are a traveling disturbance, not a

bulk movement of particles. It is particularly important to understand pressure waves in

granular materials because they can place unexpected stresses on silos [24]. Similar pres-

sure waves are also observed in crowds of people [25, 26] and fluidized rod systems [27].
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However, this behavior has not been well studied because of measurement difficulties.

One theory of the cause of pressure waves is stick-slip interactions between particles and

the silo walls [24]. Stick-slip interactions occur when an object has a high static friction

and thus moves along a surface in a “jerky" motion, where it “sticks" on the surface until

the force exceed the static friction and then it “slips" and jerks forward.

We identify pressure waves (figure 2.5) in our simulations by examining both local

density and velocity (see chapter 4 for full method). The waves travel upward within the

silo, although the velocity of the constituent particles is strongly downward. The waves

also have a lower density than the surrounding material. We observed pressure waves in

all of our simulations, though they were less frequent and slower in softer systems (see

chapter 5 for in-depth discussion). Pressure waves can be described by the generic wave

equation c = f�, where c is the wave speed, f is the frequency and � is the wave length.
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3 LAMMPS SIMULATION DESIGN

Simulating granular flow allows us to easily vary conditions that are difficult to experi-

mentally alter, such as gravity. Experimental methods to change gravity do exist, such

as a geophysical centrifuge [9] to artificially increase gravity. The angle of the silo can

be altered, artificially decreasing gravity [8]. However, this method creates more friction

with the walls of the silo, so it is not a true analogue and works best for systems with very

low friction. Simulations can complement and expand the experimental results. Molecular

dynamics (MD) simulations in particular are useful because they contain models for many

different types of condensed matter, including molecules, crystals, and discrete particles.

Many body systems in condensed matter are governed by the same laws of physics

as other fields, but solving them by conventional means is extremely difficult as they have

many degrees of freedom and contain numerous individual particles. Even systems with

only three particles are often not analytically solveable. Simulations simplify and signifi-

cantly speed up this process. Simply stated, a MD simulation takes basic laws of motion

and force and uses them to calculate how a large multiparticle system will behave. For

each timestep of the simulation, the force on each simulated atom is calculated and its

position and velocity are updated. The boundaries of the system are encoded along with

forces such as gravity and frictional forces. Such simulations are computationally inten-

sive because of the combination of a massive number of timesteps, often in the millions or

billions, combined with a large number of simulated atoms.
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LAMMPS (Large-scale Atomic/Molecular Massively Parallel Simulator) is a MD

program originally created and maintained by Sandia National Labs, written in C++. We

use LAMMPS to model granular silo flow. The output position and velocity data allow

us to study the mechanics of the system. Because changing system characteristics like

gravity is as simple as altering a single line of code, this allows us to easily study systems

that are difficult, if not impossible, to explore experimentally.

3.1. The Simulation Box

The simulation space in LAMMPS is created using a “fix region" command. This

creates a simulation box with defined walls that particles interact with in specifiable ways.

There are two main regions in our simulation: the silo and the larger box that holds the

silo. Particles interact with the silo walls via the contact forces discussed in the next

section. The larger simulation box has periodic boundaries on the left and right. An

escaped particle, exiting the left side of the simulation box, will re-enter on the right with

the same direction and velocity. Particles sometimes escape when the simulated forces

are so great that the simulation “loses track" of due to the length of the timestep. As a

result, these particles end up expelled from the simulation box. This typically happens to

less than 500 particles per simulation, or around 1.5% of the total. The bottom boundary,

which particles leaving the aperture will hit, is fixed.

We create the exit aperture in the simulation by creating a third region, the same

size as the hopper but with an exit aperture, and merging it with the original hopper, thus

creating an outlet for particles to flow out. Section 3.4 discusses in-depth how we insert

particles into the region.
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3.2. Contact Forces

LAMMPS has two methods in the granular package to calculate the force resulting

from particles in contact with each other. The two methods (or “styles") are Hookean (with

sub-styles that include history force or do not include history) and Hertzian (which always

includes history). Here, “history" refers to the tangential shear force (3.4). This force

includes a term that accounts for the tangential displacement during the contact period,

thus the history of the particle interaction [28].

We use a Hertzian model for simuating the contact forces between particles. This is

an alteration to the Hookean model of particle interaction. Both of these models assume

that when the the distance, r between two particles of radius Ri and Rj is greater than

the contact distance, d = Ri + Rj , there is no contact force between the particles. The

Hookean model assumes a linear force response with overlap, whereas the Hertzian model

modifies the Hookean model so that the force response is dependent on overlap area, and

therefore non-linear. The Hertzian model accounts for particle size in this way, but the

Hookean model does not. As a result, the Hookean model would require adding additional

mathematical complications for a polydisperse system.

3.2.1 Hookean and Hertzian Models of Contact Forces

The Hookean model of particle contact assumes that when particles overlap (are squished

together) the overlap area functions similarly to a spring. The Hookean Model for the

force between two particles that are in contact is the sum of the normal force between the

two particles and the tangential force between them. These two forces are themselves the
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sum of additional forces. The normal force is composed of a static contact force, ~Fc, and

a dynamic damping force ~Fdn.

~Fc = kn�n̂ij (3.1)

~Fdn = meff
n~vn (3.2)

The contact force is proportional to the overlap between the particles, symbolized by

� = d � r, the elastic constant for normal contact kn, which can be thought of as a linear

spring constant, and the unit vector of the line connecting the center of the two particles,

n̂ij (equation (3.1)). Essentially, this says that the more overlap particles have (the more

they are “squished together"), the greater the normal force. The damping force portion of

the normal force is proportional to the particles effective mass meff =
MiMj

Mi+Mj
, the relative

velocity between the two particles in the normal direction ~vn, and the viscoelastic damping

constant for normal contact 
n, which is related (and sometimes equal) to the coefficient

of restitution. The coefficient of restitution can be thought of as the “bounciness" of an

object.

The tangential force describes how the particles are moving parallel to each other.

Like the normal force, it consists of two terms, a shear force Fs and a tangential damping

force Fdt.

~Fdt = meff
t~vt (3.3)
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Figure 3.1: This diagram shows two particles with overlap distance �. The normal direc-
tion is the direction of the line that connects the center of the two particles. The tangential
direction is perpendicular to the normal direction.

~Fs = kt�~st (3.4)

The tangential damping force (3.3) is identical to the normal damping force, except

that the viscoelastic damping constant is different, 
t and we consider the velocity in the

tangential direction ~vt. The shear force (3.4) is the “history term" that contains information

about the tangential displacement over the period of contact

The total force between particles can now be given by taking the vector sum of all of

the normal and shear forces.

~Fhk = ~FN + ~FT = (~Fc � ~Fdn)� (~Fs + ~Fdt)

~Fhk = (kn�n̂ij �meff
n~vn)� (kt�~st +meff
t~vt) (3.5)
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The Hertzian force equation is a modification of the Hookean force equation (3.5).

For a monodisperse system, such as the one we simulate, this prefix is a constant
q

R
2

.

~Fhz =
p
�

s
RiRj

Ri +Rj

~Fhk =
p
�

r
R

2
~Fhk

~Fhz =

r
�R

2
((kn�n̂ij �meff
n~vn)� (kt�~st +meff
t~vt)) (3.6)

Now, the constants kn and kt are no longer linear spring constants, but now non-linear

spring constants with units of force/area. These are given by equations 3.7 and 3.8.

kn =
4G

3(1� �)
=

2E

3(1� �2)
(3.7)

kt =
4G

2� �
=

E

(2� �)(1 + �)
(3.8)

Here � is the Poisson ratio, a measure of how a material deforms when subjected

to stress, and G is the shear modulus and is given by G = E
2(1+�)

, where E is Young’s

modulus, particle stiffness [29].

Table 3.1 contains the values for the constants in our simulation. Values for kn and

kt are calculated using equations 3.7-8. 
n and 
t are calculated using (3.9) and (3.10),

where a is given by (3.11).


n =

s
2akn

m(1 + 0:25a)
(3.9)
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Gravity (g) 0.1g - 20g
Radius (R) 1
Mass (m) 1

Coefficient of friction (�f ) 0.5
Coefficient of restitution 0.66

Poisson’s ratio (�) 2
7

Young’s Modulus (E) 104-107

Table 3.1: Simulation Contants


t = 0:5
n = 0:5

s
2akn

m(1 + 0:25a)
(3.10)

a = �2 log2(
0:66

�
) (3.11)

3.2.2 Other Contact Forces

LAMMPS also governs how particles interact with the simulated silo walls. We use the

same Hertzian force relationship as for particle interactions. Friction with the walls is

also included. Some granular systems include cohesive forces that cause particles to stick

together. We do not consider these forces in our modeling.

3.3. Phase Space

Our simulations use a single layer of monodisperse spherical particles within a quasi-

2D silo. We systematically vary three elements of the simulation: gravity, elastic modulus,

and outlet diameter. Gravity is varied between 0.1 and 20 times Earth’s gravity, the elastic

modulus is varied between 104-107 Pa, and the outlet diameter is varied between 6 and 20
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times the particle diameter. Although the simulations do use SI units, values should still

be considered relative simulation units. For example, as shown in table 3.1, the radius of

the particles is 1 m, which is not a real-world value.

Figure 3.2: Simulation Phase Space. Each point also has the outlet diameter varied be-
tween 6 and 20 pd. � is constant along the dashed lines.

Figure 3.2 shows the phase space of our simulations. Each of the markers represents

a set of simulations with a set gravity and elastic modulus and varying outlet diameter.

We derive a dimensionless constant � to navigate within this phase space and compare

different simulations.

� =
�g

pdE
(3.12)
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� is a relation between particle density � derived from the known mass and radius,

the gravity of the system g, the particle diameter pd, and the elastic modulus E. Due to

our simulation units, we treat � as a simple ratio of gravity and particle stiffness. Within

figure 3.2, the dashed lines show simulations with the same values of �. Normalizing

measurements by � reveals underlying trends in many of our measurements, detailed in

chapter 4.

3.4. Simulation Design

The silo is flat bottomed with a width of 63.3 pd and a depth of 1.1 pd. We use

the create_atoms LAMMPS command to insert particles into the silo. All of the particles

are created at once, located at random positions with random velocities within the silo,

and allowed to settle. This creates a highly random packing structure, in contrast to the

more crystalline packing structure found when particles are “poured" into the system by

generating them at a height (see figure 3.4). When the particles are poured into the silo,

they will settle into a hexagonal close packing structure, shown in figure 3.3. With the

random generation method, this crystalline packing is not present. The more crystalline

the system, the more likely it is to clog due to the regular arrangement of particles. As

a result, this filling dependent randomness is a benefit. Furthermore, 3D monodisperse

systems do not crystallize, making this method a better approximation.

This alternate filling method was chosen to eliminate the significant period of time

necessary to generate 30,000 particles using the pouring method. The create_atoms com-

mand includes a random seed, which is used to randomly generate the initial positions and

velocities. One consequence of the create_atoms filling method is that unless this random

seed is varied, simulations run with the same gravitational and stiffness parameters will
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Figure 3.3: Hexagonal close packing.

have identical packing. We did not vary the seed, so this was true for our simulations.

This allows us certainty that variations due to outlet diameter are not due to varying levels

of crystallinity in the packing structure. In the future, varying the seed might allow us to

test different packing structures.




