Abstract

In collective transport, a search and rescue multi-robot formation must preserve its shape in order
to safely carry an object from one location to another. In this thesis we focus on persistent acyclic
leader-follower formations in which robots adhere to local pairwise distance constraints in order to
maintain the formation as a whole. We rely on combinatorial rigidity and persistence theory, where
robots are modeled as vertices and distance constraints as edges. In order to identify the formations
that perform best, we define a property called diameter using the concept of waves. We hypothesize
that diameter impacts the performance of a moving formation. By generating persistent acyclic
leader-follower formations, we design a set of experiments both on simulation and on a multi-robot
hardware platform. The results and analysis support our hypothesis that smaller diameter is related
to better performance.
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, QWURGXFWLRQ

,PXOWL URERWIREPWWZRQN WRIJHWKHU WR FRPSOHWH WDVNYV
DVLQJOH KXPDQaR BBRER®HU WKH WDVN RI PRYLQJD SLHFH RI L
.l WKH UXEEOH LV WRR KHDY\RUWRR GDQJHURXV IRUKXPDQV X
VROXWLRQ

'XULQJARIOLO/HFW L YWDV MEDQWSRW WU XFLDO WKDW URERWYV VWD\ L
SLHFH RIUXEEOH LV WUDQVSRUWHG VDIHO\ ,I D URERW PRYHV
ZRUVHQ WKH VLWH 7KLV SURPSWV WKH  TXHVWLRQ KRZFDQ ZF
IRUPDWLRQ"

,Q WKLV WKHVLVSHUYRVW HQWKO HD G H U7 KRHOVHRIRHWP DRVJLEREQWVL IFRQ\O
FHQW UBRQWIRO SDWWHUQ LQ ZKLFK HDFK PHPEHU RI WKH IRUPL
FRQVWU@LQWYV

&RQWULEXMH RRAXV RI WKLV WKHVLV LV WR GHWHUPLQH KRZ FR
WHQW DF\FOLF OHDGHU IROORZHU IRUPDWLRQV LPSDFW DFFXU
DF\FOLFIRUPDWLRQV ZKLFKDOORZXVWRGHILQHDFRQFHSW FC
LQ6HFWLRQ

‘HVWDWH RXU K\SRWKHVLV EHORZ

+\SRWKHRWULFDWLRQVZLWKDVPDOOHUGLDPHWHUDUHPRUHOLNI
GXULQJFROOHFWLYHPRYHPHQW

7TR HYDOXDWH RXU K\SRWKHVLV ZH XVHG *HR@ ZIKD F K DOV RBRE R
S\WKRQ DQG KDUGZDUH H[SHULPHQWYV

SHODWHG , RWNXLY WKHVLV ZH IRFXV RQ D FRQWURO SDWWHUQ L
ZLWK HDFK RWKHU WKURXJKRXW PRYHPHQWZKHKUM WXHIL H\ ¥ [&
FRPPXQLFDWLRQ EHWZHHQ WZR URERWYV RQH URERW GLFWDW&
PRYHPHQW LQVWUXFWLRQ

OHWKRGV ZKLFK H[SDQG RQ LQWHU URERW FRPPXQLFDWLRQ ZL\
WUDQVSRUWID UB>URERWY FRPSXWHDFRQYH[KXOO WKDW VXU L
LQ ZKLFK DIRUPDWLRQ FDQ EHPDGH IRUPRYHPHQW ,Q WKLV W
DQGDQRWKHUDVDFR GAHDGBW GRXWERDO OHDGHUV IRU UREX

(IDPSOHV RI SURMHFWV LQ ZKLFK URERWYVY FRPSOHWH WDVNYV ZL
@ ,Q>@ SHRSOHRUODUJHU VA\VWHPVDUHLQYROYHG

,Q WKLY SURMHFVO HAWERWN QUWWXKHD GHUZIKRFBRKDYHIRHIRQWER Q
IRUPDWLRQ FRQWUROGUHYPRBROWHY\L@QZKLFK OHDGHU IROORZHL
ZLWKRXW SHUVLVW@® QFH DUH >

+HQGULFN[ HW DO LQWURGXFH@ FHUNK\LW HRXGIGMIGHIRQY ULQLG L
@ ,QRUGHUWR JHQHUDWH WKH IRUPDWLRQV XVHG LQ VLPXO
GHVFULE®@®G IHQGHILQH WKH GLDPHWHU RIDIRUPDWLRQ XVLQJ Wi



2XUZRUNEXLOGV RQ Z4RX¥WLQRGHUYEVWHQW OHDGHU IROORZHU
WKHSUREOHP RI FROOHFW®@YIR WXNRY B/KBUWREEBDEHEW RIUHGXQG
WKLV WKHVLVY H[DPLQHVY WKHFRUUHODWLRQ EHWZHHQ IRUPDWL

TRUXQRXUH[SHULPHQWY ZHXVHG WKH *H®UJZKDLFK ER YRERWDR®R
IRUPXOWL URERW VLPXODWLRQVLQD3\WKRQDQG KDUGZDUH H

6WUXFWKRWIRHRNDLOV WKH WKHRUHWLFDO EDFNJURXQG QHFHYV
‘HSUHVHQW DQ DSSURKBDRVLIHEHFUNDWREY)Y SHUVLVWHQW DF\FOLF
TKHGHWDLOV RIRXUVLPXODWLRQV DQG WKH &G DAWLIRRDWOW KW H C
VHWXS IRUDQDO\VLVRIWKHUHVXOWYV RIRXUVLPXODWLRQV

SUHOLPLQDULHYV

‘'HZLOO VWDUW ZLWK WKHEDFNJURXQGLQJUDSK ULJLGLW\DQG
RQ

*UDSK 7KHRU\
,Q WKLV WKHVLVY ZH ZLOO EH ZRUNGQUHABWE)WZ R MAWHWBGRI1 JUDSK

$QOXQGLUHFWHNGHIDGKG RQ D VHW RI YHUWLFHVY FRQQHFWHG YL
JUDSK LV BLYNEFH\ ZKHUH v :veg LV D VHW R YESUW IDFHNVD @ GSD L U
RI YHUWLFHV UHSUHVHQWLQJ 8 ®&H ¥ K Hilx@ H GFROMH DRSHGII R LDQ
XQGLUHFWHG JUDSK LDV VKRZQ LQ )LIJXUH

D 8QGLUHFWHG E 'LUHFWHG

J)LIXUH ([DPSOHRIGLUHFWHG DQG XQGLUHFWHG JUDSKV 7KH
JUDSKRQ WKHULJKWLVY GLUHFWHG DUURZKHDGV GHSLFW GLUFE

$GLUHFWHY BHWODS®HG RQ D VHW RI YHUWLFHVY FRQQHFWHG YLD C
JUDSKWVEDWE,L) ZKHUWHV;;:ivihg LVIIDVHW R1 YE4 UW IDFHWVWRIGGLUHFWHG
‘HGHQRWH DQHWWRHQWRPLUHFWHGQRUERMVMIKVGLUHFWHG DQG XQG
ZH GHQRWH YHAKWMWYRPHW DN GHQRWH WKH QXPEHU RInY HAIKWALFHV L
JUDSK SLFWXUHBIGVLQLURIRKWHG DUURZKHDGY GHSLFW WKH GLUHI



(YHU\GLUHFWHGJUDSK)K(D)GH)[FCR\IUQB!VQKE@DHQWRBHl(BIDBIIKIFWHG
H=(V;Eq) 7KHXDV DQ XQGHUO\L Q JGQ &;EL) HVFXVF K 88KeCB/G K

b, R&) 2Ey $Q H[DPSOH RI WKLV FD Q EKHUHH)QOQUM EXUHQ GH U O\L
XQGLUHFWHG JUDSK RI)LJXUH

7KBHJBHB Y WUMHLY WKH QXPEHU R M GRWA@GFILIGHFMWHVBR UD SK V
DOOHGJHVLROGARQWMRIFWHG JUDSKYV ZH FRXQ)\R B ® 0D MEKOHR X \
LQ )LIPUMKH GHIZMBRZDRY Y HW WA VE W, UHVSHFWLYH@ WIRHLJIXU
GHJUHGIN2RIPHR U Y HUWWALVE M, UHVSHEWLYHO\

$VLPSOHESMIKHQW BQMLFHVVHTXHQFH RI G ;W LAWK YHEUW I/ F H
leztens ey 2 E $Q H[DPSOH RI SMAVIKVIVRRZQ LQ SLQINS Q )LIXU
F\FOWD VHTXHQFM;R|WHKMUE MY )RU HIDPSOHERRDXWIMLQV D F\FO
‘H FDOO D GLUHFWHG J WDFSKHNHLRWW FALRFOBING LUHFWHG JUDSK
F\FOHVG RWHFWHG DF\FOLF JUDSK

D 3DWKzIWWRP E &\FOH F $F\FOLF

J)LIXUH ([DPSOHV RI SDWKVDQG GLUHFWHG JUDSKV ZLWK DQG
RIDSDWKRI GLVWLRQ PR BHIWLRHY IDRFAYV D F\AFOH EHFDXVH WK
VHTXHQFH RI YHUWLFHV VXFK WKDW W KHVLLWV,W DRRG O D¥WOHP \
EHFDXVH WKHJUDSK FRQWDLQV QR F\FOHYV

SLIJLGLW\ 7KHRU\

,Q WKLV VHFWLRQ ZH SURYLGH WKH IRXQGDWLRQ RIULJLGLW\
WKHRU\ IRUDPRUHULJRUBXVY FRYHUDJH VHH >

'HZRUN ZLWKEDU DQG MRLQW VWUXFWXUQWRQWE DWHOREB GH D BK
LIWKHUHLVQRZD\WRDOWHUDQ\SDLUZLVHGLVWDQFHV ZKLOH
DJUDSK LV IOH[LEOH LI WKH SDLUZLVH GLVWDQFHY EHWZHHQ Y
JUDSKV VKRZQ DQQEIXWHHVYLILG DV WKHUH LV QR ZD\ WR DOWHL
&RQYHUVHO\ EZE MQIXWUARYHG WKH SDLUZLYH Q¥ WDhQFHVEHOWZ H
WKH SDLUZLVH GulWVDQKQFKDEHWYHRRWH WKDW WKH OHQJWK RI L
UHPDLQ WKHVDPH EXWHGJHV DUHVWLOODEOHWRPRYH 7KHU

TKHULJLGLWA\RIVXFKVWUXFWXUHVY GHSHQGVY VROHO\RQWKHLU FRPELQD
HGJHVUHSUHVHQWEDUVDQG YHUWLFHV UHSUHVHQW MRLQWYV



D 5LJLG E )OH[LEOH

J)LIXUH 5LJLG YV IOH[LEOH JUDSKYV D LV ULJLG EHFDXVH W
GLVWDQFHV LQ WKH JUDSKey EVLFR O H GL BAOKFHHES-DADJXALM IDIQ GV W D Q F
v FKDQJHV DQG WKH SDLUZLN & E&EHKWDNDRVH EHWZHHQ

‘'HQRZ SURFHHG WR GHILQH ULJLGLW\ BRUMW; ERUIZA-MOYHAU WOLNFH V R |

DQGHGJHV :HIRUPDOO\ GH | LEIHIDD GERHRHARODNG@HW R W HMGLJI Q
p=(pupzip) 2 (RY" 8v2V 7KH VHW RIUGRLUWHNVHQWY FRRUGLQDWHV I
G(p) VXFK WKDW DOO HGJH OHQ pWHK\HDUHD DR WAW IGRARR B G D O O

*LYHQ WKHIUDPHZRUN GHVFULEHG DERd\:N | ZR GNIILRXOHOIR GV V W D

d(ij) = jip(i) p()ij 8e 2 E

‘H GHILQH WZR IG(p) PG PWNNK LY DIOWMKROMLU FRUUHVSRQGLQJ HGJH
VDPH :H XVH WKLV GHILQLWLRQ W&pY B{gWIXUDHVH.T X\ X B OUHIAM DR
H[LVWYV D QHNJRE R ¥R RGP W KH.QEF R Q J UMR QWKDWGRORQVWUDWH
WKLV FRQJUXHQFH

jip(i)  pG)i = JjaCi) a()ii 8e 2E
'"HILQLWLRE&y2 N, (G;p) LV FRQJUB)Q WHVRRD Q VD\ WKDW WKH IUDPH
ORFDOO\ ULJLGDQG RWKHUZLVHIOH[LEOH
*LYHQ WKH GHILQLWLRQV RIULJLG DQGPIOH[PPOB\ TH YIVGD W H W K
'HILQLWLRQUDSK(V;Es) LV PLQLPDOO\ULJLG LI
GLVULJLG
G elLV IOHEH2EDH

1RWH WKDW GXH WR WKH ILUVWIFRQGHMBRIHRIU B SIKQLWQRY P L(
2EVHUYH WKDW WKHUHPRYDO RIDQ\HGIHZURPWKN 30 WSHKQSDH. FO
JUDSK 7KHUHIPUWLRPUXNGIO&RQYIHAUJVHORUHRXUBY ULJLG HYHQ
WKH UHPRYDO RIDQHGJH MARAMWEABHWLILGXIWHUHQW UHVXOWL
UHPRYDO RIRQH HG EH HURFHH)WKOMDOO VLI UHVXOWLQJIUDPHZR
TKHUHIRUHEDRYHIHFRQVWUDLQHG

1RWH ZHDEXVH QRWDMR RQHZQSHDNK D WL@®EW LRQ PDSSLQJ YHUWH[LQGLFH\



D OLQLPDOO\S5LJLG E 2YHU &RQVWUDLQHG

J)LIXUH OLQLPDOO\ULIJLG XSRQUHPRYDORIDQ\HGJH JUDSK! L
UHPRYDORIDQHGJIJHJUDSK LV VWLOOULJLG

J)LIXUH 8SRQUHPRYDO RI HDFK RIBAJKUHD SHKGIHWWU Q B ) LLIXUE

‘HXVHPLQLPDOO\ULJLGJUDSKVWRLGHQWLI\WKHIHZHVW QXPE
WXUQ KHOSVWRUHGXFHWKHQXPEHU RIGLVWDQFH FRQVWUDLC

+HQQHEHUJORYHYV

‘H QRZ GHVFULEH LQGXFWLYH FRQQWBENXBWRRWHAWDISY FADIOWLH B |
ULJLGLW\LQ WKH SODQH 7KH GHILQLWLBQ VKB UWHKD YV H WZ\R YR\G
LOQGXFWLYHHRORYHEHUD QIGHQQHEHUJ  +

'HILQLWLRRU VBRKV;Eg) ZK Hittvveg  V

YHUWH[DGGLWLRQ +HQQHEHUMK =+2 DRGCEQHH.U MU V
fva; Vg Z K HW &l v,

HGJH VSOLWWLQJ +HQQHE K4 DQ G DGBGHPHRWMHGJIBE QW K
N (V) = fVa; Vi Ve ZKHW& Vv, D QiB vy

$Q H[DPSOH RI WKLV W\SH RI FRQV W Iy X¥MQ R/ HW \WORZRDMGDHH. G X U
WKDMV DGGHG YLD DQ +v, RRYIHG QHGWWR WKH IUDPHZRUN DQG Wi
WZR H[LVWLQ@JWHUIWLENWPH SURFHVV LV VHHQ @BWHK WHKH DG G L
LV FRQQHEWH® WRY FRQQHBEWHG MR ODVW VWHS Rl WKH FRQV
+ PRYH )UMMWIHPRY G WDKHEHG WR WKH |1 DLRHZRUNH F\WHQ W R
HQGSRLQWYV RI WK i, WH PRGHIS Gike@ H @\DHG G H G



‘HDUH SDUWLFXODUO\LQWHUHVWHGLQ +HQQHEHUJPRYHV GXH

WLIKWBKVYWY WKH GHILQMS WRRYGH I LQH WLIJKWQHVYV
'HILQLWLRRU VRPHGQUOYK:) ZH VDLV VSDUVH LI IRU HYHU\ \
G°= (Voo Eg)) ZKHBdY 1 ]Ecy 2Veq 3
'HILQLWLFRQY VRPHGYO/SHEE) ZH \GDLV WLIKW LI

GLV VSDUVH

JEel =2jV] 3

JLIXUH +HQQHEHUJFRQVWUXFWLRQ HLDPR OB GEHGIVH DOG +
DGGHG YLD +

JLIXUARQWDLQV WKHEX EURD)S K YDZHWKIH WKDW DOO VXEJUDSKYV
FRQGLWLRQV RI'WRUGLIWRR@H |RU D GE)VIXE) UG K¥=2AAV K
3=1 7KHUHIRUH ZH FDQ BIDX WKDWS)RUXHH *LY HQW KD W )SDXVH
WKH ILUVW FRQG LW LLR/QV®IWH MIQ H'E L RiEP OB QERVE(B) WX=DBW

ZKLFK VDWLVILHVY WKH VHFRQG FRHWIHVRB R FIHHILQ NV REK D W
WLJIKW

JLIXUH 6XEJUDSBAL K LYXWUMHQ WKDW HDFK VB{E 2WP SSK VDW L VI
ZHFDQ VD\DLYXUH VSDUVH

7TKHRUHP +HQQHE®&UIDPD@ > $ JUDSK * LV WLIKW LI DQG RQ
GHULYHG UHFXUVLYHO\IURP D VLQJOHHGJHE\YHUWH[DGGLWL

'HQRZFRQQHFW WLIJKW WR PLQLPDOO\ULJLG JUDSKYV



7TKHRUHP SROODF]JHN *HRAUD@DHJ>$ JUDSK * LV IJHQHULFDOO\ PL(
LQWKH SODQHLIDQG RQO\LI*LV WLIKW

SHFDOO WKDW WK H. YUTRIKVIVDU X BXWUHG LQGXFWLYHO\XVLQJ +HQQ
7KHRUHPH FDQ VD\WKDW WKH JUDSK LV WLIKIW *LY BQ WKAD W
XVLQJ 7KHRUHFDQ VD\ WKDW LW LV PLQLPDOO\ ULJLG ,Q WKL\
IRFXVLQJRQ JUDSKV FRQVWUXFWHG LQGXFWLYHO\ XVLQJ + PR\

,WZLOO EHLPSRUWDQW IRURXU SURMHFW WKDW WKHUH PD\ EH
WKDWFDQ FRQVWUXFWDJLYHQPLQLPDOOWKH UG YXDSK QRPLH]
ULJLG JUDSK IURP ERWK + VHTXHQFHV LV WKH VDPH +RZHYHU
WR FRQVWUXFW WKHJUDSK LV GLITHUHQW )RU H[DPSOH WKH V
fvi;va ZKLOH WKH VHTXHQFH IRW;,WoKH VHFRQG JUDSK LV

JLIXUH ([DPSOHRIGLITHUHQW + FRQVWUXFWLRQW W XHQFHV
+ VHTXHQFH IRU ERMYWYRP JUDSK LV

‘HQRWH @ KDWRQ + FRQVWUXFWLRQ QRW HYHU\HGJH PD\ EH X
FRQVWUGFWREMRIPSOH WKH JEDKEHQFRQXWHIXFWHG XVLQJ R
JLYHQ VWD&WDRQVHEQH. Q )+ RAHY HU LI ZH W D ByHR&W DXHWLUH H G J
XQDEOH WR UHPUHIQNRPOXYHRYHY ,Q RUGHU WR SHUIRUP DQ
WZR SUHYLRXVO\H[LVWLQJ YHUWLFHV LQ WKH JUDSK WKDW KDY
Vo DGKDYH QHEWKFRYRZHYHU W DOMBKBMY QR QHLJKERUV VR DQ
FDQQRW EH SHUIRUP t#4® Bt RMLIOHDWAR2ZMHWUKVLFHY GR QRW VKDUH |
+ PRYHVFDQEHSHUIRUPHG VIRQVH[ VKHOH) RIPUKWDSK LQ ZKLFK F
EHXVHG DV WKHILUVWHGJHLQDQ+ FRQVWUXFWLRQ

SHUVLVWHQFH 7KHRU\

7KH UHODWLRQVKLS EHWZHHQ JUDSK WKHRU\DQG PXOWL URER
URERWVY YHUWLFHY DQG GLVWDQFH FRQVWUDLQWY HGJHV
IRUPDWLRQV URERWV PXVW PDLQWDLQ WKHGLVWDQFHFRQVWL
HGJHVRIULJLGLW\WKHRU\UHVXOWLQ UHGXQGRQMMRRERQPW UI
WR PDLQWDLQ WKH R Q QAFINDZ RUNLLYHPREPDLQWDLQ WKH VDPH
UHGXFH WKH QXPEHU FRQVWUDLQWY E\DSSO\LQJ GLUHFWHG HC
DGKHUH WR WKH FRQVWUDLQWYV JLYHQ E\ WK H LIWoRXYWVURH QD DG J
YHUWH[ WKDW PDLQWDLQV WKH FREVWUDLQW JLYHQ E\ RXWJRL



JLJIXUH + IUDPHZRUN WKDW FDQQRW EH FRQVW UXKRVZVGDI UR P
FRQVWUXFWLRQ I&R B WWDWEQMHEEEWH QR SRVVLEOH + VHTXHC
LQ WKH GHVLUHG JUDSK

J)LIXUH +HQQHEHUJ FRQVWUXIFMRIPRQMD Oy & QB IRG UDHI X U H

, QWKLVVHFWLRQZHUHYLHZWKHIRXQGDWLRQV RISHUVLVWHQ
@ pBM DQHPEHGGLQJRI VRPHGEYHFWGEKILQBEIKIRUPDWLRQ DV
H;p) ,QWXLWLYHO\ SHIRWPDYW ERWKNUHY WR WKH IROORZLQJ FRC

(YHU\URERW KDV D SRVLWLRQ WKDWDOORZV LW WR VDWLVI\
WV XQGHUO\LQJ XQGLUHFWHG JUDSK LV ULJLG

YRUH[DPSOH DLMISHHVLVWHQW EHEFDXVHDOO YHUWLFHV KDYH D ¢
WKHLU FRQVWUDLQWY DQG LWV XQGHUO\LQJ XQGLIWHENWHG JUD !
QRW SHUVLVWHQW EHFDXVH LWV XQGHUO\LQJ XQGLYIHKWHG JU

FLV QRW SHUVLVWi4 @R EHV DY BRMYOHIDEOH WR ILQG D SRVLWLR

DOO SUHGHWHUPLQHG FRZMVWHUHDWLRPIRW B\DGRIDQXB DEOH WR PDLQ
WKHFRQVWU®&LQW JLYHQ E\

‘H QRZ IRUPDOO\ FDSWXUH WKH LQWXLWLYH FRQ DH SWIVIHAH V F U
DG K H di YWRI)  p(i)ii 8¢, 2Ey 1RWH WKDW WKLV HTXDWLRQ LV DQ F

‘HVD\WKDW DVRRNVILMW WRMLURW LV LPSRVVLEOHWR LQFUHDVH WKH
RV, E\RQO\PRYLQJ W KHSRWXMLRQMRI RWKHU YHUWH[ SRVLWLRQ
WKDW DQ H P EIH @/GVLQJ LMPIHH®® IDQUH ILWWLQJ )RU H[DPSOH HPE
JLIXUHV QRW ILWW L G} EM PDGHHDRFQ\AL\YH ZKLOH WKHUdh H[LVWV |
D@3 DUHDFWLYHLWIXWHRUPDOO\GHILQH SHUVLVWHQFH EHOR:

'HILQLWLRRUPOMYRA)RY SHUVLVWHQW LI D @ZON,LBVUIMLR GHIRJEHHGRGAL ¢
p

$OWHUQDWLYHO\ ZHFDQ FKDUDFWHUL]H JHQHULF SHUVLVWH



D 3BHUVLVWHQW E 1IRW3HUVLVWHQW
F IRW3HUVLVWHQW

J)LIXUH SHUVLVWHQW YV QRW SHUVLVWHQW D LV SHUVLVWH
ULJLGDQGDOO YHUWLFHV KDYHD SRVLWLRQLQ ZKLFKWKH\FDQ
EHFDXVH WKH XQGHUO\LQJJUDSK LV | Owd A-AEYOHHY WAHK\)RMD & FDUHW R
ILQG D SRVLWLRQ WKDW VDWLVILHVDOO LWV FRQVWUDLQWYV

YLIXUH JLWWLQJ HPEHGGLQJ H[DPSOHV 'RWWHG OLQHV UHS
OLQHVY UHSUHVHQW DFWLYH FRQVWUDLQWY L LV QRAWFKWWLQ
WKDW WKH QXPEHU RI DFW L YHLAVREORMWHGEDW R WK H GRWH BALRD VIK R 2
WKDW WKH PD[LPXP QXPEHU RIDFWLYHFRQVWUDLQWYV LV UHDFI

7KHRUH 7]

$ GLUHFWHG VBB LVWHQW LI DQG RQO\ LI WKH XQGHUO\LQJ XQ
REWDLQHG E\ UHPRYLQJ RXWJIRLQK RBEWHI N PR DO KDY H

RXW GHIUWBHQHULFDOO\ULJLG

,QURERWLFV FRQVWUDLQWY DUH GHWHFWHG XVLQJ VHQVRUV
IRUPDWLRQ FRQWURO ZHPXVW UHGXFH WKHQXPEHU RIFRQVWI

6LPLODU WR WKHFRQFHSWRIDJUDSKEHLQJPLQLPDOO\ULJLG
DOORZVIRUWKHUHGXFWLRQLQ WKHQXPEHURIVHQVRUV XVHG

'HILQLWLRBQRUPDFW(IR®M LV PLQLPDOO\ SHUVLVWHQW LI
FLVSHUVLVWHQW
F LVQRORQJHWBSHELNLVWHQW

7R GHWHUPLQH ZKHW K H UPR.Q QRMOD | FEHRMDMY. RIBHIFPW WKH RXW G H
HDFK YHUWH[LQ WKH IRUPDWLRQ

7KHRUH P[7]



$ IRUPDWLRQLV PLQLPDOO\SHUVLVWHQW LIDQG RQO\LIRQHRI

/KUHH YHUWLFHV LQ WKHIRUPDWLRQ KDYH RXW GHJUHH L
KDYHRXW GHJUHH

2QH YHUWH[LQ WKHIRUPDWLRQ KDV RXW GHJUHH RQH YH
RI'WKHYHUWLFHY KDYHRXW GHJUHH

JLIXUBLY PLQLPDOO\ SH V) ¥ W@ W IE HDFI@)MWH,) =2 $Q H[DPSOH

RIDPLQLPDOO\SHUVLVWHQW IRUPDWLRQ WKDW DG KIHIXKHWWR W
L ZHWE 1,112 IRW VSV vs UHVSHEWLYHO\ 2EVHUL H W& B UN)IL WHID
7KHRUHEXW QRW PLQLPDOO\SHUVLVWHQW DV VKRZQ LQ )LJXU]

J)LIXUH OLQLPDOO\ SHUVLVWHQW YV SHUVLVYWH@WDYHLYV PL
RXW GHJUHH DQGDOOUHPDLQLQJ YHUWLFHVY KDYHRXW GHJL
SHUVLVWHQW DV VKRZQ E\ )LIJXUH

SHUVLVWHQW /HDGHU )ROORZHU )RUPDWLRQV

,Q WKLV WKHVLV ZH IRFXV RQ WKH VXEVHW RI PLQLPDOO\ SHU\
TKHRUHP 7KLV VXEVHW ZKLFK ZH UHIHU WR DV SHUVLVWHQW Ot
WKUHH W\SHV RI YHUWLFHYV

'"HILQLWLR®YGHILQH WKH WKUHH WA\SHV RI YHUWLFHV LQ D SHUVL
2QH YHUWH[ ZLWK RXW GHJUHH LVFDOOHG WKHOHDGHU
2QH YHUWH[ ZLWK RXW GHJUHH LVFDOOHG WKHFR OHDGH
$O0 UHPDLQLQJ YHUWLFHV ZLWK RXW GHJUHH DUHFDOOH

$Q H[DPSOH RI D SHUVLVWHQW OHDGHU IROOREZH WLRWK DWDR Q|
HG&H :H FD,OMKH O#B)GH Uy, WKH FR @W)B G H WD Q3v° WKH IROORZH U\
d(vz) =0 d(vs)=0 )JLIXUMLL UHSUHVHQWV D GLITHUHQW SHUVLVWH
ZLWK VWD W MWXKDMGVKDUHY WKH VDPH XQGHUO\LQI XQGLUHFWH

$VDIRUPDWLRQPRYHVY WKHOHDGHU  GLFWDWHYV ZKLFK ORFDWL
OHDGHU LV XVHGWRGHWHUPLQH WKHDPRXQWD IRUPDWLRQ VK
HGJHURWDWHY WKHUHVWRIWKHIRUPDWLRQPXVWURWDWH LC

‘HFKDUDFWHUL]H SHUVLVWHQW DF\FOLF OHDGHU IROORZHU IR



7TKHRUHP>&RUROG@U\ RI
$ PLQLPDOO\ SHUVLVWH@w DP\GDOLWIKDERQZIDWKRFLDWHG OHDC
PDWLRQDQGFDQDOZD\VEHREWDLQHG E\LQG&®RFWLYHFRQVWU

JRUSHUVLVWHQW DF\FOLF + JURBKWEZHEGH Y\LIKGHH FARIQH- M B&/\W RV F
QHEHUJ VHTXHQFH LQW R; D/ X IF K XNHKCOAM W K ZHDYWHRYNCL\ RHDVY LHOR2DOAY HR L
HGJHV WR YHUWLFHVIwWQ:SW HgY DRXVHZDFBHUYH LQLDLJIJKDWY ZDYHV
(fvog; fvig;fvog;fvag) ZKHEGH VYV RXU VWDW WDRQ RN®BJHR L Q) vid LI § WHRY L
RXVZDYHWVYKDQEBXW JRLQJWHGLOISWHRYLRXYV ZDYHWVL )KDXUHEDYHV
(fvog;fvog;fvi;vag) 1IRWHWWDWKDUH WKH VDPH ZDYH EHFDXVH ERWK K
WRNY, LQ SUHYLRXV ZDYHV

*LYHQ WKIWDARYHMO O DOZD\V EH RFFXSLHG E\WKH OHDGHU DQG
GHILQELVDRRWHIRUPDWLRQWREHWKHQXPBRUR[EZPSEGN IRQ PDRX
LL KDV GERQFZKWEe&Hd d=11 KDV

JLIXUH S3HUVLVWHQW OHDGHU IROORZHU H[DPSOHV L LV W]
LLL LL LVDSHUVLVWHQW DF\FOLF O/ FRHU HREER ZRHO R DR D\
Apivs® LL KDV IRKWOZDY MM fvsg) ZLWK GLODPHWHIUL LV D SHUVLV\
DF\FOLF OHDGHU IROORZH4 IRR PBAY EREZIROQREDGHEY KDV

W K U H H(Z/&Y Waffvi; vsg) D QIG 1

$SSURDFK

TKHDSSURDFK WR WKLV WKHVLVLVGLYLGHGLQWRIRXUVWHSV
HWU\ VLPXODWLRQ DQGDQDO\VLY :HQRZGHVFULEH WKHVH IR

*HQHUDWH &RPELQDWRULFV

7TRIHQHUDWH WKH SHUVLVWHQW DF\FOLF OHDG HRUUIRWDK R@ HY J
SHULPHQW ZH XVBURRHAG®WHWHNYY E\JHQHUDWLQJDOO QRQ LVRF
XQGLUHFWHG IUDPHZRUNV WKDW FDQ EH RREUWURKHRWHG KW LRO
VLVWHQWOHDGHU IROORZHU JUDSKV DUH JHQHUDWHG IURP HDI
IUDPHZRUN )LQDOO\ DOO F\FOLFDQG LVRPRUSKLF SHUVLVWH (
ZHDUH OHIW ZLWK QRQ LVRPRUSKLF SHUVLVWHQW DF\FOLF OHI
UHWXUQV D OLVW RI SHUVLVWHQW DF\FOLF OHDGHU IROORZHU
KHUH ZKHUHDV LQ WKHDFWXDO VFULSWZHLQVWHDG ZULWH HD



ILOHLQVWHDG RIKROGLQJLQ PHPRU\

SURFHGB8HHVLVWHQW DF\FOLF OHDGHU IROORZHU JUDSK JHQHL

L QSX8RPH QXPEHU RI YHUWLFHV Q
2XWSEWO SHUVLVWHQW DF\FO L FrOYHDWMILF HRIOORZHU JUDSKV RQ
Lh=4 WKHQ

| JHWDOO FRPELQDWLRQV RI HGJHVWRILQGDO@PLQLPDOO\
HOWH UIWKHQ

JHQHUDWH DO QG FRIP EXLHFQUDMLLFRHQAL @ UD Q JH

IRHDFK PLQLPDOO\ UGJR® W ¥ P K IERFM V

IRHDFK FRP ELXXDGNRL R Q
L B FR®\

DG&G, WVRYLD + PRYHWRH[LVWLQ@J YHUWLFHV JLYHQ E)\
LQWBHUWNR OLVW RIPLQLPDO@QWYHUWEGHFHVPHZRUNYV RQ

IRHDEKH. QGR
[ >@
LGLYQRWLVRPRUBKWKWR DQ\
\ DSSBQVAR OLVWRIQRQ LVRPRUSKLFPLQLPDOO\ULJLG XQGL
] >@
IRHDEKH.Q GR
IR G DQG WKH UBH&YRHUVH R
B FR®\
\' >@
GHVL2ZOWMODWHWDUWLQJHGIJH VRXUFH KDV RXW GHJUHH
LQGXFWLYHO\DVVLIQRXW GHJUNBRB WRHDFKUHPDLQI
| LOQWHUQWR OLVW RI SHUVLVWHQW OHDGWHU IROORZHU JUDSEK
IRHDAKLQPGR

LH LV QRW LVRPRAUSKDEHRKDOV@R FYRE RV
| DSSHQMR OLVW RI QRQ LVRPRUSKLF SHUVLVWHQW DF\FOL

UHWzX U Q

TR WKHEHVWRIRXUNQRZOHGJH WKHIROORZLQJLVY XQNQRZQ

&SRQMHFW)YRIHHDFK VWDUWLQJHGJHRIDQ+ JUDSKWKHUHLV DX
IROORZHU JUDSK

7TKHRUHP, I FRQMHFMRX@WEY WKHQ 3IHRAMOGXWWHY DOO SHUVLVWHQV
IROORZHU JUDSKV RQ Q YHUWLFHYV

SURRH VKRZ WKDW LI &§RQY WHIEKWMXDHRUPDWLRQ LV D SHUVLVWHQ'
JUDSKLIDQG RQO\SURGRFH® XWH

) /HWEH VRPH SHUVLVWHQW DF\FO InFYMHDNAH Bl V R ORW A FNUKIDUND S K



JHQHUDWHDOO SRVVLEOHPYRUWRLG BV WLK D ® FDISKN RRQVWUXF
*LYHQ WKDW DOO SRVVLEOH + NN HXMQRHIW DX\ALIHSBHRHBRIWGHKE) R Q
PXVW JHQHUDWH

( /HW=(V;Eq) EHD GLUHFWHG JUDSK JHQHUD WM @& KHRD BRF H G X
ZH FDQ VD\ WKDW WKH + FRQVWUXFWLRQ RXWOLQHG LQ OLQ!
XQGHUO\LQJ XQG IHJH¥ WHEGLPWDIDSK RILIJLG 2EVHUYH OLQHYV R
VHH E\ 7TKHRWHKP W WKLV LQGXFWLYH FRQVWUXFWLRQ JLYHV D P
JUDSK $00 F\FOLF SHUVLVWHQW OHDGHU IROORZHU JUDSKV D
7KHUHIRUH ZH KDYH D UHVXOWLQJ VHW RI SHUVLVWHQW DF\FO
ZH FDQ VD\ WKDW DOO SHUVLVWHQWIDFHBWILFBYDGHUHR® O
3URFHGXUH O

JLIXUH Q *UDSK*HQHUDWLRQ ([DPSOH

7KH PDMRULW\RIWKH UXQQLQJWLPHIRUWKLV SURFHGXUH RFF
OHDGHU IROORZHU JUDSKVY DUH JHQHUDWHG JLYHQ VRPH XQGH
UXQQLQJWLPH RI WKA®NEFRFHGXUH WR EH

$Q H[DPSOH RI WKH JUDSK JHQH U D WALIRQ E3-HWVH H Q L_HEGRAMUGRIFH G
WKH XQGHUO\LQJ XQGLUHFWHG JUDSK SUHVHQW LQ VWHS 1R\
SUHVHQW LQ VWHS KDYH GLITHUHQW VWDUWLQJHGJIHV EXW VKE
VWDUWLQJ HGJIHV RI WKH SHUVLVW H O &, pt By6G i VIRFOFORRIZYHHIOA U B
SRVVLEOH UHPDLOQ ey WHWIRQIVHGHUHG LQ JHOQHUDWLRQ EX

7TKHWRWDO QXPEHURIPLQLPDOO\ULJLG XQGLUHFWHGJUDSKVDE L
JHQHUDWHG E\ BURPHKERXZDHL Q7KDLEFOMDEOH DOVR VKRZV WKH DYt
LWHUDWLRQVY WDNHQ SHU H[SHULPHQW DQG WKH DYHUDJH DPR
YDOXH RH ZHUH RQO\ DEOH WR UXQ ¥& BXOMDWR RVEY WRUBRK DKP R X Q
UHTXLUHG WR UXQ Db®8® VLPXODWLRQV IRU



HUURU VWDWLVWLF Q

RIPLQLPDOO\ULJLG XQGLUHFWHG IUDPHZRUNYV

RISHUVLVWHQW DF\FOLFH OHDGHU IRODORZHU JUD|SKV

7TRWDO RIH[SHULPHQWYV

$YHUDJH RILWHUDWLRQV WDNHQ

$YHUDJHDPRXQW RIWLPHWDNHQ VHFRQGV

7TDEOH TRWDO QXPEHURIPLQLPDOO\ULJLG XQGLUHFWHGIUDP
JUDSKV QXPEHURIH[SHULPHQWY SHUIRUPHG DYHUDJH QXPEHL
RIWLPH WDNHQ IRMU HDFK YDOXH RI

$VVRFLDWH *HRPHWU\

,Q RUGHU WR GHILQH VWDUWLQJ SRVLWLRQV LQ VLPXODWLRQ |
IROORZHU JUDSK ZHPXVWDVVLIQHPEHGGLQJV WR WKH JUDSK)\

JRUHDFK WX XHRHUDWH WKUHHUDQGRP HPEHGGLQJV LQ WKH .
DF\FOLF OHDGHUHRQORKHBRIWSIK RAHBDRVFHEXUBFK RI WKUHH
HPEHGGLQJY 7KHIUDPHVLIHDVVRFLDWHG Z13M K DVWKHH 5RW R MWD U
WKLV IUDPHHHINRKD QGRPO\ XWYERRHNG DQD WKHUDLQVKILR) B Q @
DQy DDQJH RI > @ 7KHOHDGHUDQG FR OHDGHU RI HDFK J
DQG UHVS&KFRWERROG LKW H RI WKH OHDGHU LV VOLJ
URERWV LQ WKHIRUPDWLRQ LQ RUG KN WVRERHGX QI WRICRO WK IR G K
DFURVV HPEHGGLQJVLQ RUGHU WR UHPRYH DQ\ SRVVLEOH LPSEL
RQIRUPDWLRQDFFXUDF\LQPRYHPHQW 2EVHUYH WKH SHUVLVW
JLIXUH:H VHH WKDW WKLV JUDSK LV JHQHUDWHG QLD WKIHSURFF
QRWH WKDW WKHUH DUH WKUHH GLITHUHQW HPEHGGLQJV LQ WK
VDPH SHUVLVWHQW DF\FOLF OHD GEXW IIRDPKRIRHOWRIHEKK PNVIWH K H
FRRUGLQDWHV DFURVYV XQLTXHUDQGRPHPEHGGLQJV

JLIXUH SHUVLVWHQW DF\FOhFONBGOGWWHAR®WORZHU JU|

(DFKRIWKH UDQGRPHPEHGGLQJVIJHQHUDWHG IRUHDFK SHUVI
SXWWHG E\ 3BDRHEKGXWBGHLQ VLPXODWLRQ

([SHULPHQWYV

JRUWKLV WKHVLV ZHDUH XVLQJ WKH 5RERWD U WXIPQFOWDM IHRWUP VL
ODWRUDOORZV XVWRVLPXODWHURERWVZDUPVYLUWXDOO\ ZK
DW*HRUJLD 7THFK ,Q WKLV VHFWLRQ ZHGHWDLO WKH VHWXS DQ



JLIXUH 7KUHH UDQGRIP=HIPE S SGLLHG WIRSH HXWBE O B VVRFLDW H
(x;y) FRRUGLQDWHV

7RVWDUW WKHH[SHULPHQW ZHVHW GHVWLQDWLRQ SRLQWV DO
WLRQ VKRXOGPRYHQH[W 7KHFLUFOH VKDSH ZD V@ K& WHQ BADRVHH
FLUFXODU SDWK LV JLYHQ ZH UHO\RQ WKH 5RERWDULKP OHDGH
7KHVHWXS JLYHQ E\5RERWDULXP LVDVIROORZV 7KH5RERWDU
GLVWDQFHRIHDFKQRQ OHDGHU URERW WR WKHLU QHLJKERUV
GHVLUHG YHORFLW\RI HDFK URERW IRUWKH QH[W LWHUDWLRQ
QH[W GHVWLQDWLRQ SRLQW LQ WKH FLUFOH WKH GLVWDQFH IU
LV PHDVXUHG ,Il WKH GLVWDQFH LV OHVV WKDW WKHQ WKH C
GHVWLQDWLRQ SRLQW LVJLYHQ WR WKH OHDGHU

"XULQJHDFK H[SHULPHQW ZH UXQ D SHUVLVWHQW DF\FOLF OHD
PRYHPHQW )RUH[DPSOH ZH UXQ HDFK RI WKH WIQUGHH LEXBDW
LQ H[SHULPHQ@NAVI3IDBPOWWKH WRWDO QXPEHU RI H[IS HWIHHKH QW V |
SHUVLVWHQWDF\FOLFOHDGHU IROORZHU JUDSK KDV WKUHH FR
EHGGLQJV PLIPWXUHY WKH VWDUW RI H[SHULPHQW IRU HDFK F
LQ )LIXUMFK RI WKHVH IRUPDWLRQV WKHQ FRPSOHWH D FLUFX
7TKHUHFWDQJXODU UHBISRGVYRQMIKWHKH UHJLRQ LQ ZKLFK DOO H
JHQHUDWHG 7KH OHDGHU WKHQ PRYHV WR D VWDUWLQJ SODF}F
FRXQWHUFORFNZLVHDORQJWKHUHG FLUFOH 7KHFLUFOHDOV
PDLQWDLQHG ZKLOH WKH IRUPDWLRQ LV WXUQLQJ

'XULQJ WKH H[SHULPHQW ZH UHFRUG WKE SROWIWZLR 8§ 1GQ .V RID/QK
HDFK LWHUDWLRQ 1RWHWKDWZHUHFRUGHGJHDQG QRQ HGJH
QXPEHURILWHUDWLRQV WDNHQ IRUHDFKIRUPDWLRQ WR FRP S(

J)LIXUH 6WDUW RIVLPXODWLRQ IRUHDFKHPEHGGLQJ



J)LIXUH &LUFXODU SDWK WKDW URERWV IROORZ GXL

,QRUGHU WR YDOLGDWH RXU S\WKRQ H[SHULPHQWYV RQ KDUGZD
I[URP-8 DQG VXEPLWWHG WKHP WR 5RERWDULXP ZKHUH WKH\ ZH
XWH8 EHFDXVH WKHUH LV PRUH YDULHW\LQ WKH GLDPHWHU RI L
n $GGLWLRQDOO\ XV0LQUDMORXYVIXWWREBENRUYH PRUH YDULDELC

7R UHGXFH WKH QXPEHU RI YDULDEOHV WKDW PLJKW DIIHFW SHL
OHDGHU IROORZHU JUDSKVY WKDW VKDUHG WKH VDO®B KEEHGO\L
GLQJ )LIXKRIZV WKHIRUPDWLRQVRIWKHWZRH[SHULPHQWYV VXE
WLRQ RQ WKH OH I VK DMWKNBUDPHWHG JHDQG WKH IRUPDWLRQ R
HG&HZLWK GLDPHWHU ‘H FKRVH WKHVH VWDUWLQJ HGJHV E}t
DOORZHG XV WR QRWH DQ\ SUHOLPLQDU\ SDWWHUQ EHWZHHQ G
OHFWHG WKH VDPH GDWD DQG FDOFXODWHG WKH VDPH HUURU V'

J)LIXUH 8QGHUO\LQJ XQGLUHFWHG JUDSK RIWKHIRUPDWLRQ"
HISHULPHQWY %RWKIRUPDWLRQV FDQEHVHHQLQ)LJXUH

"XHWRDQ XSJUDGHLQS5RERWDULXPVRIWZDUH LWZDV QRW SRV’
SRVLWLRQV 7R DGMXVW ZHLQVWDQWLDWHD FRQWUROOHU SU
ZLWKHUQFP RI WKHLU VWDUWLQJ SRVLWLRQV 1RWH W6BbW WKH UF
PHDQLQJWKDWWKHLULQDELOLW\WRUHDFKWKHLUH[DFW SRVL
WKHURERWY FROOLGH WKH\ PD\ EH XQDEOH WR DGMXVW DQG D
WKH\ZRXOG UHPDLQ VWXFN EHKLQG WKHURERWY WKH\FROOLG

JLIXUXNKRZV WKHVWDUW RIWKH S\ WKRQVLPXODWLRQ QH[WWR W



JLIXUH %RWKIRUPDWLRQV VXEPLWWHG WR5RERWDULXP IRU
OHIW KDV VWWDOAWE QU BIBSHW H U JRUPDWLRQ R&\VRIG GLLIKPW MIHWJ

VDPH IRUPDWLRQ 1RWH WKDW WKH VWDUWLQJSRVLWLRQV DUH
DQG KDUGZDUH VLPXODWLRQV DUH XVHIXO WR KHOS GHWHUP LG
PRYHPHQW

J)LIXUH 3\WKRQ YV KDUGZDUH VWDUWLQJ SRVLWLRQV 3KRW
URERWYV LQ S\WKRQ H[SHULPHQW 3KRWR RQ WKH ULJKW VKRZV
HISHULPHQW %RWK SKRWRNV=-FRH[FSHWIRPFQGWR WKH VDPH

$QDO\VLV

$IWHUDOORXUH[SHULPHQWYV ZHUHUXQ ZHGLYLGHGQ¥WRHWH[SHU
SOHWH H[SHUSRIHQYWYWHG H[SHULPHQWV LQ ZKLFK WKH IRUPDW
IXOOFLUFOH SDWK 7KH SHUFHQW RI L@ ERFSE& B WHGGSHHUW. R D@QW
LQFROOLVLRQ )R OKHUWHMW DDKWRRVIRFROOLVLRQVDQGLIURER
PRYHSDVW WKHFROOLVLRQ WKHQ WKH\DUH XQDEOH/'WRIFRPSO
HISHULRHHBEWWVHQWY HISHULPHQWV LQ ZKLFKWKHIRUPDWLRQ L
JRUHDFK YDOLG H[SHULPHQW ZH FDOFXODWHG HUURU VWDWL\



1RWHWKDWHDFK HUURU VWDWLVWLFLVDYHUDJHG RYHU WKH Q
FRPSOHWH WKH IXOO FLUFOH SDWK

$IWHUDOO RIHUURU VWDWLVWLFVDUHFDOFXODWHG HDFK HI[S
506' RIDYHUDJH SDLUZLVH GLVWDMQFP 4V RYHUDOO LWHUDWL
SHUFHQW HUURU RIDYHUDJH SDLU ZANMHGLVWDQFHY RYHU D (
506' RI WKHSHUFHQW HUURU RIHDFK SDLRM3DLH GLVWDQFH R

506' Rl WKH DYHUDJH GLVWDQFH URERWY ZHUH IURP WKHLU
RMSD pos

(DFKRIWKHVHHUURU VWDWLVWLFVY ZLOO EHGHVFULEHG LQ PRL

7KHILUVW HURMSD M WDHVAD/OVEODWH LV WKH URRW PHDQ VTXDUH
DYHUDJH SDLUZLVH GLVWDQFH :HILUVW FDOFXODWH WKH GLII
SDLUZLVH GLVWDQFH :HWKHQ VTXDUH WKHVH GLITHUHQFHV DOQ
WKHQ FDOFXODWH WKH 506' YDOXHRIHDFKRIWKHDYHUDJH SDL
506' YDOXHV 7KLV VWDWLVWLF KHOSV XV DQDO\]H KRZ FORVH H
GHVLUHG GLVWDQFH (DFK YDOLG H[SHULPHQW KDV RQHDYHUD
RIGLVWDQW FRQVWUDLQW PDLQWHQDQFH

7TKHVHFRQG HWHuI&yYsVWD WKHWWHUFHQW HUURU RI WKH VDPH SDLI
HDUOLHU ‘HILUVW FDOFXODWH WKHDEVROXWHYDOXHRI WKH
SDLUZLVH GLVWDQFH ‘HWKHQGLYLGH WKDW YDOXH E\WKH GH
DWHDFKLWHUDWLRQDQG WKHQDYHUDJH DW WKHHQG RI WKH F
E\ WR JHW D SHUFHQW HUU BD YWZLVH IR UVMDDFKFRIV - :H WKHQ D
SHUFHQW HUURU YDOXHY (DFKYDOLGH[SHULPHQWKDVRQHDY
SHUFHQW HUURU RI SDLUZLVH GLVWDQFHVLQHDFKIRUPDWLRQ

7TKH WKLUG HURMBD VW DODWIMWKH.-BO06' YDOXH RI HDFK RI WKH DYHU
YDOXHV FD EFXr QP WBBKRDOLG H[SHULPHQW KDV RQHDYHUDJH 5
W KH 50 6Erkot gt

1RWH WEKDW PURMSD ¢ WKH H[SHFWHG YDOXH LV LPSO\LQJ Wt
PDLQWDLQHG WKHLU SDLUZLVH GLVWDQFHV WKURXJKRXW PRYH

7TKHILQDO HUBRESDYWWBWONVNYWAPWHG LV WKH 506" YDOXH RI WKH Gl
IURPLWV GHVLUHG SRVLWLRQRYHUDOOLWHUDWLRQV 7KHGHYV
LWHUDWLRQ XVLQJWUDQVODWLRQ RIWKHOHDGHUDQG URWDW
WKHOHDGHULVDOZD\VLQWKH GHVLUGGVSSOLL\W MRCH ) RU W LRSI
LWHUDWLRQ OHIW DQGWKHIRUPDWLRQDIWHURQHLWHUDWL
SRVLWLRQV RIHDFK URERWDVVXPLQJDOO FRQVWUDLQWY DUH
UHSUHVHQWY WKHDFWXDO SRVLWLRQV RI WKHURERWY DIWHU
EHWZHHQ ZKHUH WKH URERW LV PHDVXUHG WR EH YHUVXV LWV G
DUHLQ WKHLU GHVLUHG SRVLWLRQ (DFKIRUPDWLRQ KDV RQH ¢
URERWV ZHUH RQDYHUDJH WR WKHLU GHVLUHG SRVLWLRQ



JLIXUH %ODFN DFWXDO SRVLWLRQ UHG GHVLUHG SRVLWLR
GHVLUHG SRVLWLRQ

(DFK Rl WKHVH YDOXHY DUH WKHQ XVHG WR UDQN VLPXODWLRQ
SHUIRUPHG ZRUVW 7R PDNHD GLVWLQFWLRQ EHWZHHQ WKH U
WLRQ FRQW U RRSDRY RMSIMW D @orge DUH VSOLW LQWR WZR UDQ
UDQNLQJ FRQVLGHUHG RQO\ YDOXHV IRUHDFK HGJH LQ WKH JU
QRQ HGJH YDOXHV

7KH UHVXOWV RI WKH DQDO\VLV VXSSRUW RXU K\SRWKHVLV DV
FUHDVHV DQBKHRZ WKH LQFUHDVHLQ DYHUDJH HUURU VWDWLV!
7KLV FDQ DOVR EH VHH @ QOUWHKIHS HRWUWNO\ DV GLDPHWHU LV LQI
HUURU YDOXH DV ZHOO DV WKH VWDQGDUG GHYLDWLRQ LV LQFU
IRUPDQFH IROORZV IRWBP®OHFERBE®HQWR KIKHIODEHFDXVH WKH |
PRUH YDULHW\LQ WKH GLDPHM&H3U RI D IRUPDWLRQ WKDQ IRU
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7TDEORMSD,s WKLUG HPEHGGLQJ $VRHMISDRHWHUHQVFUHMDVHYV

,QREVHUYLQJ WKH GDWD ZH QRWHG WZR DGGLWLRQDO REVHU"
YDOXRWBH SODFHG LQ WKH VDPH VWD UWQIQD @ WR. R € OB KHHRIOY
GLVWDQFHVY EHWZHHQ YHUWLFHYV ‘HIRXQG WKDW WKH VPDOOH
PDQFHLQ VLPXODWLRQ 7KLVLVOLNHO\GXHWR ¥R8 OWWLKWOLW QA H
DUHIRXUURERWY WKDWVWDUW WKHH[SHULPHQWLQFROOLVLR
WKURXJKRXW WKHH[SHULPHQW EHFDXVHHYHQLQ FROOLVLRQV
WKHUH DUH ODUJHU GLVWDQFHVY EHWZHHQ URERWY URERWYV P;

$0O0 UHPDLQLQJ GDWD WDEOHV FDQEHIRXQGLQ WKHDSSHQGL]



7D E OHror s WKLUG HPEHGGLQJ $VEE@rP H YHWHBMHMI DV HYV

PDLQWDLQHG 6PDOOHU GLVWDQFHV PDNH LW HDVLHU IRU URE|
VHFRQG REVHUYDWLRQ LV WKDW LI WKHUHLVDIRUPDWLRQ ZLW
WKHVWDUWLQJHGIJH WKHIRUPDWLRQ FRXOG SHUIRUP ZRUVH G
I WKHOHDGHU JHWV VWXFN LQ FROOLVLRQV WKHQ WKH IRUPD\
SRLOQW XQWLO WKHOHDGHUDGMXVWYV KLOHDGMXVWLQJ WKH
FLUFOH SDWK ZKLFKFDQ OHDGWRD GHFUHDVHLQ IRUPDWLRQ D

, QWKLVWKHVLY ZHDOVRKDGWKHFKDQFHWRFROOMRKRZDWD I
WKHDYHUDJHHUURUVWDWLVWLFVLQWKHS\WKRQH[SHULPHQMW
‘HVHHIURP WKHWDEOHWKDW WKep IRBUPPWWRQ ZLWR Q WIDAIWH.@QW
EHWWHU WKDQ WKH VDPH IR & DGVICRRH MWK VW DODUHWVY R FHEOH P L
VXIJIHVW WKDW RXU K\SRWKHVLVY KROGVHYHQLQKDUGZDUH

JLIXUH ([(DPSOHRIVRPHURERWYV VWDUWLQJH[SHULPHQW LQ T
GLVWDQFHYV



H HUURUYV\HJWIQ)RQLE)Z G ‘ S\WI@RQ e G m
RMSD error
RMSD gist
RMSD s
Error gist

7TDEOH +DUGZDUH YWS8WEKRHQUEPWQOWRU %RWK IRUPDWLRQV VK|
XQGLUHFWHG JUDSKDQG HPEHGGLQJ 7KHIRUPDWLRQ LQ WKH "
IRUPDWLRQLQ WKHWKLUG FROXPQ KDV GLDPHWHU

)LIXUKH=8 WKLUG HPEMSDG,L &V GLDPHW HRMSDEY HONVWHWD V HV

)LIXUKH=8 WKLUG HPEbGgLQ®Y GLDPHW H BrioQf WIQBFWHWD V HV



&RQFOXVLRQVDQG )XWXUH :RUN

7TKHPDLQ UHVHDUFK TXHVWLRQ IRUWKLV WKHVLV ZDV WR LGHQ'
WLRQV PRVWDFFXUDWHO\PDLQWDLQ WKHLU GLVWDQFH FRQVW
WHUPV RIDFRPELQDWRULDO FRQFHSW ZKLFK ZH FDOOHG GLDPFH
WLYH + VWHSV ‘HGHVLJQHG H[SHULPHQWYV WR HYDOXDWH WKF
GLDPHWHUV 2XUUHVXOWY VXSSRUW WKH K\SRWKHVLV WKDW L

JRUIXWXUHZRUN WKHHIIHFWV RIOHDGHUDQGFR OHDGHU SRV
7TKURXJK HDUO\ HISHULPHQWDWLRQ LQ WKLV WKHVLV ZH QRWH
EHWZHHQ WKH SHUIRUPDQFH RI WKHIRUPDWLRQ LQ VLPXODWLR
OHDGHU 7RUHGXFHWKLVH[WUD YDULDEOHDQGIRFXV RQ WKH C
ZH IL[HG WKH SRVLWLRQV RI WKH VWDUWLQJ HGJH IRU DOO HPE
IRUWKHVH WZR URERWYVY FRXOG OHDG WR GLITHUHQW GLVFRYHI
H[SORUH WKH LQLWLDO SDLUZLVH GLVWDQFH EHWZHHQ WKH OH
SHUIRUPDQFH

SUHOLPLQDU\UHVXOWV IURP5RERWDULXP KDUGZDUHH[SHULPF
SHUIRUPDQFH RIUHDO URERWV $Q HIWHQVLRQ WR WKLV WKHYV
PHQWV WR VHH LIWKLY SDWWHUQ KROGYV

,Q WKLY WKHVLV ZH SURSRVHG DQ DSSURDFK WR JHQHUDWH SH!
H[SDQVLRQ RQ WKLV ZRXO G EBHIQCRLAURXY BIF RQWGI\WWWIX AKHWKHU W
WKDW WUXO\JHQHUDWHYV DOO VXFK JUDSKV RU LI WKHUH DUH \
SURYHG ZKHWKHU HDFK OHDGHU WR FR OHDGHU HGJH KDV D XQL
PXOWLSOHDVVRFLDWHG SHUVLVWHQW DF\FOLF OHDGHU IROOR

$SSHQGL]

JRUFRPSOHWHQHVV ZH LQFOXGH H[SHULPHQWDO GDWD DQG D
LOFOXGH WKH WKUHH UDQGRP HIP ERGVEKH) $0 DROHHD Q K YWDKOH) RS
VWDUW&QJIHGWZH LQFOXGHDGGLWLRQDO GDWD FROOHFWHG I
WKDW ZHUH QRW LQFOXGHG HDUOLHU 1RWH WKDW ZH MXVW LG
FRQVWUDLQWY :‘HDOVRLQFOXGH FKDUWYVY WKDW UHSUHVHQW
VLPLODU WROD)QRGXYHYDOO\ ZHLQFOXGH S\WKRQ VFULSWYV QHFH?

)LIXUKH=4 HPEHGGLQJV
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