
1

Abstract
In collective transport, a search and rescue multi­robot formation must preserve its shape in order
to safely carry an object from one location to another. In this thesis we focus on persistent acyclic
leader­follower formations in which robots adhere to local pairwise distance constraints in order to
maintain the formation as a whole. We rely on combinatorial rigidity and persistence theory, where
robots are modeled as vertices and distance constraints as edges. In order to identify the formations
that perform best, we define a property called diameter using the concept of waves. We hypothesize
that diameter impacts the performance of a moving formation. By generating persistent acyclic
leader­follower formations, we design a set of experiments both on simulation and on a multi­robot
hardware platform. The results and analysis support our hypothesis that smaller diameter is related
to better performance.
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���� RMSD dist ���V�H�F�R�Q�G �H�P�E�H�G�G�L�Q�J���� �$�V �G�L�D�P�H�W�H�U �L�Q�F�U�H�D�V�H�V��RMSD dist �L�Q�F�U�H�D�V�H�V �I�R�U

�D�O�O �Y�D�O�X�H�V �R�In�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���� Error dist ���V�H�F�R�Q�G �H�P�E�H�G�G�L�Q�J���� �$�V �G�L�D�P�H�W�H�U �L�Q�F�U�H�D�V�H�V��Error dist �L�Q�F�U�H�D�V�H�V �I�R�U �D�O�O

�Y�D�O�X�H�V �R�In�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���� RMSD dist ���W�K�L�U�G �H�P�E�H�G�G�L�Q�J���� �$�V �G�L�D�P�H�W�H�U �L�Q�F�U�H�D�V�H�V��RMSD dist �L�Q�F�U�H�D�V�H�V �I�R�U �D�O�O

�Y�D�O�X�H�V �R�In�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������
���� RMSD error ���W�K�L�U�G �H�P�E�H�G�G�L�Q�J���� �$�V �G�L�D�P�H�W�H�U �L�Q�F�U�H�D�V�H�V��RMSD error �L�Q�F�U�H�D�V�H�V �I�R�U

�D�O�O �Y�D�O�X�H�V �R�In�� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ������



��

�� �,�Q�W�U�R�G�X�F�W�L�R�Q

�,�Q�P�X�O�W�L���U�R�E�R�W �I�R�U�P�D�W�L�R�Q�V�� �U�R�E�R�W�V �Z�R�U�N �W�R�J�H�W�K�H�U �W�R �F�R�P�S�O�H�W�H �W�D�V�N�V �W�K�D�W �F�D�Q�Q�R�W �E�H �D�F�F�R�P�S�O�L�V�K�H�G �E�\
�D �V�L�Q�J�O�H �K�X�P�D�Q �R�U �U�R�E�R�W �>�����@�� �&�R�Q�V�L�G�H�U �W�K�H �W�D�V�N �R�I �P�R�Y�L�Q�J �D �S�L�H�F�H �R�I �U�X�E�E�O�H �I�U�R�P �D �G�L�V�D�V�W�H�U �V�L�W�H��
�,�I �W�K�H �U�X�E�E�O�H �L�V �W�R�R �K�H�D�Y�\ �R�U �W�R�R �G�D�Q�J�H�U�R�X�V �I�R�U �K�X�P�D�Q�V�� �X�V�L�Q�J �P�X�O�W�L���U�R�E�R�W �I�R�U�P�D�W�L�R�Q�V �L�V �D �S�R�V�V�L�E�O�H
�V�R�O�X�W�L�R�Q��

�'�X�U�L�Q�J �W�K�L�V�F�R�O�O�H�F�W�L�Y�H �W�U�D�Q�V�S�R�U�W�W�D�V�N �>�����@�� �L�W �L�V �F�U�X�F�L�D�O �W�K�D�W �U�R�E�R�W�V �V�W�D�\ �L�Q �I�R�U�P�D�W�L�R�Q �W�R �H�Q�V�X�U�H �W�K�H
�S�L�H�F�H �R�I �U�X�E�E�O�H �L�V �W�U�D�Q�V�S�R�U�W�H�G �V�D�I�H�O�\�� �,�I �D �U�R�E�R�W �P�R�Y�H�V �R�X�W �R�I �I�R�U�P�D�W�L�R�Q�� �W�K�H �U�X�E�E�O�H �P�D�\ �I�D�O�O �D�Q�G
�Z�R�U�V�H�Q �W�K�H �V�L�W�H�� �7�K�L�V �S�U�R�P�S�W�V �W�K�H �T�X�H�V�W�L�R�Q�� �K�R�Z �F�D�Q �Z�H �H�Q�V�X�U�H �W�K�D�W �U�R�E�R�W�V �V�W�D�\ �L�Q �W�K�H�L�U �G�H�V�L�U�H�G
�I�R�U�P�D�W�L�R�Q�"

�,�Q �W�K�L�V �W�K�H�V�L�V �Z�H �Z�R�U�N �Z�L�W�K�S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q�V�� �7�K�H�V�H �I�R�U�P�D�W�L�R�Q�V �I�R�O�O�R�Z �D�G�H��
�F�H�Q�W�U�D�O�L�]�H�G�F�R�Q�W�U�R�O �S�D�W�W�H�U�Q �L�Q �Z�K�L�F�K �H�D�F�K �P�H�P�E�H�U �R�I �W�K�H �I�R�U�P�D�W�L�R�Q �I�R�O�O�R�Z�V �L�W�V �R�Z�Q �S�U�H�G�H�W�H�U�P�L�Q�H�G
�F�R�Q�V�W�U�D�L�Q�W�V�>���@��

�&�R�Q�W�U�L�E�X�W�L�R�Q�V���7�K�H �I�R�F�X�V �R�I �W�K�L�V �W�K�H�V�L�V �L�V �W�R �G�H�W�H�U�P�L�Q�H �K�R�Z �F�R�P�E�L�Q�D�W�R�U�L�D�O �S�U�R�S�H�U�W�L�H�V �R�I �S�H�U�V�L�V��
�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q�V �L�P�S�D�F�W �D�F�F�X�U�D�F�\ �R�I �P�R�Y�L�Q�J �I�R�U�P�D�W�L�R�Q�V�� �:�H �R�Q�O�\ �F�R�Q�V�L�G�H�U
�D�F�\�F�O�L�F �I�R�U�P�D�W�L�R�Q�V �Z�K�L�F�K �D�O�O�R�Z �X�V �W�R �G�H�I�L�Q�H �D �F�R�Q�F�H�S�W �F�D�O�O�H�G �³�G�L�D�P�H�W�H�U�´�� �Z�K�L�F�K �Z�H �G�H�I�L�Q�H �I�R�U�P�D�O�O�\
�L�Q �6�H�F�W�L�R�Q��������

�:�H �V�W�D�W�H �R�X�U �K�\�S�R�W�K�H�V�L�V �E�H�O�R�Z��

�+�\�S�R�W�K�H�V�L�V���)�R�U�P�D�W�L�R�Q�V �Z�L�W�K �D �V�P�D�O�O�H�U �G�L�D�P�H�W�H�U �D�U�H �P�R�U�H �O�L�N�H�O�\ �W�R �D�F�F�X�U�D�W�H�O�\ �P�D�L�Q�W�D�L�Q �F�R�Q�V�W�U�D�L�Q�W�V
�G�X�U�L�Q�J �F�R�O�O�H�F�W�L�Y�H �P�R�Y�H�P�H�Q�W��

�7�R �H�Y�D�O�X�D�W�H �R�X�U �K�\�S�R�W�K�H�V�L�V�� �Z�H �X�V�H�G �*�H�R�U�J�L�D �7�H�F�K�¶�V �5�R�E�R�W�D�U�L�X�P �S�O�D�W�I�R�U�P �>�����@ �Z�K�L�F�K �D�O�O�R�Z�V �I�R�U
�3�\�W�K�R�Q �D�Q�G �K�D�U�G�Z�D�U�H �H�[�S�H�U�L�P�H�Q�W�V��

�5�H�O�D�W�H�G �:�R�U�N���,�Q �W�K�L�V �W�K�H�V�L�V �Z�H �I�R�F�X�V �R�Q �D �F�R�Q�W�U�R�O �S�D�W�W�H�U�Q �L�Q �Z�K�L�F�K �U�R�E�R�W�V �R�Q�O�\ �F�R�P�P�X�Q�L�F�D�W�H
�Z�L�W�K �H�D�F�K �R�W�K�H�U �W�K�U�R�X�J�K�R�X�W �P�R�Y�H�P�H�Q�W�� �7�K�L�V �L�G�H�D �L�V �H�[�S�O�R�U�H�G �L�Q �>������ �����@ �Z�K�H�U�H �W�K�H�U�H �L�V �G�L�U�H�F�W
�F�R�P�P�X�Q�L�F�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�Z�R �U�R�E�R�W�V�� �R�Q�H �U�R�E�R�W �G�L�F�W�D�W�H�V �P�R�Y�H�P�H�Q�W �S�D�W�W�H�U�Q�V �D�Q�G �W�K�H �R�W�K�H�U �I�R�O�O�R�Z�V
�P�R�Y�H�P�H�Q�W �L�Q�V�W�U�X�F�W�L�R�Q��

�0�H�W�K�R�G�V �Z�K�L�F�K �H�[�S�D�Q�G �R�Q �L�Q�W�H�U���U�R�E�R�W �F�R�P�P�X�Q�L�F�D�W�L�R�Q �Z�L�W�K�L�Q �P�X�O�W�L���U�R�E�R�W �I�R�U�P�D�W�L�R�Q�V �L�Q �F�R�O�O�H�F�W�L�Y�H
�W�U�D�Q�V�S�R�U�W �D�U�H �>�������������@�� �,�Q �>���@�� �U�R�E�R�W�V �F�R�P�S�X�W�H �D �F�R�Q�Y�H�[ �K�X�O�O �W�K�D�W �V�X�U�U�R�X�Q�G�V �D�Q �R�E�V�W�D�F�O�H���I�U�H�H �U�H�J�L�R�Q
�L�Q �Z�K�L�F�K �D �I�R�U�P�D�W�L�R�Q �F�D�Q �E�H �P�D�G�H �I�R�U �P�R�Y�H�P�H�Q�W�� �,�Q �W�K�L�V �W�K�H�V�L�V�� �Z�H �L�G�H�Q�W�L�I�\ �R�Q�H �U�R�E�R�W �D�V �D �O�H�D�G�H�U
�D�Q�G �D�Q�R�W�K�H�U �D�V �D �F�R���O�H�D�G�H�U�� �6�R�X�U�F�H�V �>���������@ �D�G�G �D�G�G�L�W�L�R�Q�D�O �O�H�D�G�H�U�V �I�R�U �U�R�E�X�V�W�Q�H�V�V��

�(�[�D�P�S�O�H�V �R�I �S�U�R�M�H�F�W�V �L�Q �Z�K�L�F�K �U�R�E�R�W�V �F�R�P�S�O�H�W�H �W�D�V�N�V �Z�L�W�K�R�X�W �L�Q�W�H�U���U�R�E�R�W �F�R�P�P�X�Q�L�F�D�W�L�R�Q �D�U�H �>������
�����������������@�� �,�Q �>�����������@ �S�H�R�S�O�H �R�U �O�D�U�J�H�U �V�\�V�W�H�P�V �D�U�H �L�Q�Y�R�O�Y�H�G��

�,�Q �W�K�L�V �S�U�R�M�H�F�W�� �Z�H �Z�R�U�N �Z�L�W�K�S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q�V�� �Z�K�L�F�K �K�D�Y�H �E�H�H�Q �D�S�S�O�L�H�G �W�R
�I�R�U�P�D�W�L�R�Q �F�R�Q�W�U�R�O �S�U�H�Y�L�R�X�V�O�\ �L�Q �>������ ���@�� �(�[�D�P�S�O�H�V �L�Q �Z�K�L�F�K �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q�V �D�U�H �X�V�H�G
�Z�L�W�K�R�X�W �S�H�U�V�L�V�W�H�Q�F�H �D�U�H �>���������������@��

�+�H�Q�G�U�L�F�N�[ �H�W �D�O�� �L�Q�W�U�R�G�X�F�H�G �S�H�U�V�L�V�W�H�Q�F�H �W�K�H�R�U�\ �L�Q �>���� ���@ �Z�K�L�F�K �L�V �I�R�X�Q�G�H�G �L�Q �U�L�J�L�G�L�W�\ �W�K�H�R�U�\ �>����
�����@�� �,�Q �R�U�G�H�U �W�R �J�H�Q�H�U�D�W�H �W�K�H �I�R�U�P�D�W�L�R�Q�V �X�V�H�G �L�Q �V�L�P�X�O�D�W�L�R�Q�� �Z�H �X�V�H �+�H�Q�Q�H�E�H�U�J �F�R�Q�V�W�U�X�F�W�L�R�Q�V �D�V
�G�H�V�F�U�L�E�H�G �L�Q �>�����@�� �:�H �G�H�I�L�Q�H �W�K�H �G�L�D�P�H�W�H�U �R�I �D �I�R�U�P�D�W�L�R�Q �X�V�L�Q�J �W�K�H �F�R�Q�F�H�S�W �R�I �Z�D�Y�H�V �>���@��



��

�2�X�U �Z�R�U�N �E�X�L�O�G�V �R�Q �Z�R�U�N �G�R�Q�H �L�Q �>�������@ �X�V�L�Q�J �S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q�V �Z�K�L�F�K �I�R�F�X�V �R�Q
�W�K�H �S�U�R�E�O�H�P �R�I �F�R�O�O�H�F�W�L�Y�H �W�U�D�Q�V�S�R�U�W�� �:�K�L�O�H �>�������@ �I�R�F�X�V �R�Q �W�K�H �F�R�Q�F�H�S�W �R�I �U�H�G�X�Q�G�D�Q�F�\ �L�Q �I�R�U�P�D�W�L�R�Q�V��
�W�K�L�V �W�K�H�V�L�V �H�[�D�P�L�Q�H�V �W�K�H �F�R�U�U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �I�R�U�P�D�W�L�R�Q �G�L�D�P�H�W�H�U �D�Q�G �D�F�F�X�U�D�F�\ �L�Q �P�R�Y�H�P�H�Q�W��

�7�R �U�X�Q �R�X�U �H�[�S�H�U�L�P�H�Q�W�V�� �Z�H �X�V�H�G �W�K�H �*�H�R�U�J�L�D �7�H�F�K �5�R�E�R�W�D�U�L�X�P �S�O�D�W�I�R�U�P �>�����@�� �Z�K�L�F�K �Z�D�V �G�H�Y�H�O�R�S�H�G
�I�R�U �P�X�O�W�L���U�R�E�R�W �V�L�P�X�O�D�W�L�R�Q�V �L�Q �D �3�\�W�K�R�Q �D�Q�G �K�D�U�G�Z�D�U�H �H�Q�Y�L�U�R�Q�P�H�Q�W��

�6�W�U�X�F�W�X�U�H���6�H�F�W�L�R�Q�� �G�H�W�D�L�O�V �W�K�H �W�K�H�R�U�H�W�L�F�D�O �E�D�F�N�J�U�R�X�Q�G �Q�H�F�H�V�V�D�U�\ �W�R �X�Q�G�H�U�V�W�D�Q�G �R�X�U �K�\�S�R�W�K�H�V�L�V��
�:�H �S�U�H�V�H�Q�W �D�Q �D�S�S�U�R�D�F�K �L�Q �6�H�F�W�L�R�Q�� �W�K�D�W �J�H�Q�H�U�D�W�H�V �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q�V��
�7�K�H �G�H�W�D�L�O�V �R�I �R�X�U �V�L�P�X�O�D�W�L�R�Q�V �D�Q�G �W�K�H �G�D�W�D �F�R�O�O�H�F�W�H�G �D�U�H �G�H�V�F�U�L�E�H�G �L�Q �6�H�F�W�L�R�Q���� �6�H�F�W�L�R�Q�� �J�L�Y�H�V �W�K�H
�V�H�W�X�S �I�R�U �D�Q�D�O�\�V�L�V �R�I �W�K�H �U�H�V�X�O�W�V �R�I �R�X�U �V�L�P�X�O�D�W�L�R�Q�V��

�� �3�U�H�O�L�P�L�Q�D�U�L�H�V

�:�H �Z�L�O�O �V�W�D�U�W �Z�L�W�K �W�K�H �E�D�F�N�J�U�R�X�Q�G �L�Q �J�U�D�S�K�� �U�L�J�L�G�L�W�\ �D�Q�G �S�H�U�V�L�V�W�H�Q�F�H �W�K�H�R�U�\ �W�K�D�W �R�X�U �D�S�S�U�R�D�F�K �L�V �E�X�L�O�W
�R�Q��

������ �*�U�D�S�K �7�K�H�R�U�\

�,�Q �W�K�L�V �W�K�H�V�L�V �Z�H �Z�L�O�O �E�H �Z�R�U�N�L�Q�J �Z�L�W�K �W�Z�R �W�\�S�H�V �R�I �J�U�D�S�K�V���G�L�U�H�F�W�H�G�D�Q�G�X�Q�G�L�U�H�F�W�H�G��

�$�Q�X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K�L�V �G�H�I�L�Q�H�G �R�Q �D �V�H�W �R�I �Y�H�U�W�L�F�H�V �F�R�Q�Q�H�F�W�H�G �Y�L�D �H�G�J�H�V�� �)�R�U�P�D�O�O�\�� �D�Q �X�Q�G�L�U�H�F�W�H�G
�J�U�D�S�K �L�V �J�L�Y�H�Q �E�\G = ( V; EG)�� �Z�K�H�U�HV = f v1; :::; vng �L�V �D �V�H�W �R�I �Y�H�U�W�L�F�H�V �D�Q�GEG �L�V �D �V�H�W �R�I �S�D�L�U�V
�R�I �Y�H�U�W�L�F�H�V�� �U�H�S�U�H�V�H�Q�W�L�Q�J �H�G�J�H�V�� �:�H �G�H�Q�R�W�H �D�Q �H�G�J�H �L�QG �D�Veij �Z�K�H�U�Hi < j �� �$�Q �H�[�D�P�S�O�H �R�I �D�Q
�X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �L�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H���D��

���D�� �8�Q�G�L�U�H�F�W�H�G ���E�� �'�L�U�H�F�W�H�G

�)�L�J�X�U�H ���� �(�[�D�P�S�O�H �R�I �G�L�U�H�F�W�H�G �D�Q�G �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K�V�� �7�K�H �J�U�D�S�K �R�Q �W�K�H �O�H�I�W �L�V �X�Q�G�L�U�H�F�W�H�G�� �D�Q�G �W�K�H
�J�U�D�S�K �R�Q �W�K�H �U�L�J�K�W �L�V �G�L�U�H�F�W�H�G ���D�U�U�R�Z�K�H�D�G�V �G�H�S�L�F�W �G�L�U�H�F�W�L�R�Q����

�$ �G�L�U�H�F�W�H�G �J�U�D�S�K�L�V �G�H�I�L�Q�H�G �R�Q �D �V�H�W �R�I �Y�H�U�W�L�F�H�V �F�R�Q�Q�H�F�W�H�G �Y�L�D �G�L�U�H�F�W�H�G �H�G�J�H�V�� �:�H �G�H�Q�R�W�H �G�L�U�H�F�W�H�G
�J�U�D�S�K�V �D�VH = ( V; EH )�� �Z�K�H�U�HV = f v1; :::vng �L�V �D �V�H�W �R�I �Y�H�U�W�L�F�H�V �D�Q�GEH �L�V �D �V�H�W �R�I �G�L�U�H�F�W�H�G �H�G�J�H�V��
�:�H �G�H�Q�R�W�H �D�Q �H�G�J�H �I�U�R�Pvi �W�Rvj �L�Q �D �G�L�U�H�F�W�H�G �J�U�D�S�K �D�V�! eij �� �)�R�U �E�R�W�K �G�L�U�H�F�W�H�G �D�Q�G �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K�V
�Z�H �G�H�Q�R�W�H �Y�H�U�W�L�F�H�V �D�Vvi �Z�K�H�U�Hvi 2 V�� �:�H �G�H�Q�R�W�H �W�K�H �Q�X�P�E�H�U �R�I �Y�H�U�W�L�F�H�V �L�Q �D �J�U�D�S�K �D�Vn�� �7�K�H
�J�U�D�S�K �S�L�F�W�X�U�H�G �L�Q �)�L�J�X�U�H���E�L�V �G�L�U�H�F�W�H�G�� �D�U�U�R�Z�K�H�D�G�V �G�H�S�L�F�W �W�K�H �G�L�U�H�F�W�L�R�Q�V��



��

�(�Y�H�U�\ �G�L�U�H�F�W�H�G �J�U�D�S�K �K�D�V �D �F�R�U�U�H�V�S�R�Q�G�L�Q�J�X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K�� �7�D�N�H �V�R�P�H �G�L�U�H�F�W�H�G �J�U�D�S�K
H = ( V; EH )�� �7�K�H�QH �K�D�V �D�Q �X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�KG = ( V; EG) �V�X�F�K �W�K�D�W8eij 2 E��
9�! eij �R�U�! eji 2 EH �� �$�Q �H�[�D�P�S�O�H �R�I �W�K�L�V �F�D�Q �E�H �V�H�H�Q �L�Q �)�L�J�X�U�H�� �Z�K�H�U�H �)�L�J�X�U�H���D�L�V �W�K�H �X�Q�G�H�U�O�\�L�Q�J
�X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �R�I �)�L�J�X�U�H���E��

�7�K�H�G�H�J�U�H�H�R�I �D �Y�H�U�W�H�[v��d(v)�� �L�V �W�K�H �Q�X�P�E�H�U �R�I �H�G�J�H�V �L�Q�F�L�G�H�Q�W �W�Rv�� �)�R�U �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K�V�� �Z�H �F�R�X�Q�W
�D�O�O �H�G�J�H�V �L�Q�F�L�G�H�Q�W �W�Rv �D�Q�G �I�R�U �G�L�U�H�F�W�H�G �J�U�D�S�K�V �Z�H �F�R�X�Q�W �R�Q�O�\ �W�K�H �R�X�W�J�R�L�Q�J �H�G�J�H�V �R�Iv�� �)�R�U �H�[�D�P�S�O�H��
�L�Q �)�L�J�X�U�H���D�� �W�K�H �G�H�J�U�H�H�V �D�U�H2; 4; 3; 2; 3 �I�R�U �Y�H�U�W�L�F�H�Vv0; v1; v2; v3; v4 �U�H�V�S�H�F�W�L�Y�H�O�\�� �,�Q �)�L�J�X�U�H���E�� �W�K�H
�G�H�J�U�H�H�V �D�U�H0; 1; 2; 2; 2 �I�R�U �Y�H�U�W�L�F�H�Vv0; v1; v2; v3; v4 �U�H�V�S�H�F�W�L�Y�H�O�\��

�$ �V�L�P�S�O�H �S�D�W�K�E�H�W�Z�H�H�Q �Y�H�U�W�L�F�H�Vv1 �D�Q�Gvk �L�V �D �V�H�T�X�H�Q�F�H �R�I �G�L�V�W�L�Q�F�W �Y�H�U�W�L�F�H�Vv1; :::; vk �Z�L�W�K �H�G�J�H�V
�!e12;

�!e23; :::; �����!e(k� 1)( k) 2 E�� �$�Q �H�[�D�P�S�O�H �R�I �D �S�D�W�K �I�U�R�Pv3 �W�Rv0 �L�V �V�K�R�Z�Q �L�Q �S�L�Q�N �L�Q �)�L�J�X�U�H���D�� �$
�F�\�F�O�H�L�V �D �V�H�T�X�H�Q�F�H �R�I �Y�H�U�W�L�F�H�Vv1; :::; vk �Z�K�H�U�Hv1 = vk �� �)�R�U �H�[�D�P�S�O�H�� �)�L�J�X�U�H���E�F�R�Q�W�D�L�Q�V �D �F�\�F�O�H��
�:�H �F�D�O�O �D �G�L�U�H�F�W�H�G �J�U�D�S�K �Z�L�W�K�R�X�W �F�\�F�O�H�V�D�F�\�F�O�L�F�� �5�H�I�H�U �W�R �)�L�J�X�U�H���F�I�R�U �D �G�L�U�H�F�W�H�G �J�U�D�S�K �Z�L�W�K �Q�R
�F�\�F�O�H�V�� �R�U �D�G�L�U�H�F�W�H�G �D�F�\�F�O�L�F �J�U�D�S�K��

���D�� �3�D�W�K �I�U�R�Pv3 �W�Rv0 ���E�� �&�\�F�O�H ���F�� �$�F�\�F�O�L�F

�)�L�J�X�U�H ���� �(�[�D�P�S�O�H�V �R�I �S�D�W�K�V �D�Q�G �G�L�U�H�F�W�H�G �J�U�D�S�K�V �Z�L�W�K �D�Q�G �Z�L�W�K�R�X�W �F�\�F�O�H�V�� ���D�� �V�K�R�Z�V �D�Q �H�[�D�P�S�O�H
�R�I �D �S�D�W�K �R�I �G�L�V�W�L�Q�F�W �Y�H�U�W�L�F�H�V �I�U�R�Pv3 �W�Rv0 ��v3; v4; v2; v1; v0���� ���E�� �K�D�V �D �F�\�F�O�H �E�H�F�D�X�V�H �W�K�H�U�H �H�[�L�V�W�V �D
�V�H�T�X�H�Q�F�H �R�I �Y�H�U�W�L�F�H�V �V�X�F�K �W�K�D�W �W�K�H �I�L�U�V�W �D�Q�G �O�D�V�W �Y�H�U�W�H�[ �D�U�H �W�K�H �V�D�P�H ��v1��v4��v2��v1���� ���F�� �L�V �D�F�\�F�O�L�F
�E�H�F�D�X�V�H �W�K�H �J�U�D�S�K �F�R�Q�W�D�L�Q�V �Q�R �F�\�F�O�H�V��

��

������ �5�L�J�L�G�L�W�\ �7�K�H�R�U�\

�,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �S�U�R�Y�L�G�H �W�K�H �I�R�X�Q�G�D�W�L�R�Q �R�I �U�L�J�L�G�L�W�\ �W�K�H�R�U�\ �Q�H�F�H�V�V�D�U�\ �W�R �X�Q�G�H�U�V�W�D�Q�G �S�H�U�V�L�V�W�H�Q�F�H
�W�K�H�R�U�\�� �I�R�U �D �P�R�U�H �U�L�J�R�U�R�X�V �F�R�Y�H�U�D�J�H �V�H�H �>���������@��

�:�H �Z�R�U�N �Z�L�W�K �E�D�U���D�Q�G���M�R�L�Q�W �V�W�U�X�F�W�X�U�H�V �D�Q�G �D�V�V�X�P�H �J�H�Q�H�U�L�F �H�P�E�H�G�G�L�Q�J�V���� �,�Q�W�X�L�W�L�Y�H�O�\�� �D �J�U�D�S�K �L�V�U�L�J�L�G
�L�I �W�K�H�U�H �L�V �Q�R �Z�D�\ �W�R �D�O�W�H�U �D�Q�\ �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�V �Z�K�L�O�H �P�D�L�Q�W�D�L�Q�L�Q�J �J�L�Y�H�Q �H�G�J�H �O�H�Q�J�W�K�V�� �&�R�Q�Y�H�U�V�H�O�\��
�D �J�U�D�S�K �L�V �I�O�H�[�L�E�O�H �L�I �W�K�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�V �E�H�W�Z�H�H�Q �Y�H�U�W�L�F�H�V �F�D�Q �E�H �F�K�D�Q�J�H�G�� �)�R�U �H�[�D�P�S�O�H�� �W�K�H
�J�U�D�S�K�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H�V���D�D�Q�G���D�D�U�H �U�L�J�L�G�� �D�V �W�K�H�U�H �L�V �Q�R �Z�D�\ �W�R �D�O�W�H�U �D�Q�\ �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�V��
�&�R�Q�Y�H�U�V�H�O�\�� �L�Q �)�L�J�X�U�H���E�Z�K�H�Qe01 �L�V �P�R�Y�H�G�� �W�K�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Qv0 �D�Q�Gv3 �F�K�D�Q�J�H�V �D�Q�G
�W�K�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Qv1 �D�Q�Gv2 �F�K�D�Q�J�H�V�� �1�R�W�H �W�K�D�W �W�K�H �O�H�Q�J�W�K �R�I �D�O�O �H�G�J�H�V �L�Q �W�K�H �J�U�D�S�K
�U�H�P�D�L�Q �W�K�H �V�D�P�H�� �E�X�W �H�G�J�H�V �D�U�H �V�W�L�O�O �D�E�O�H �W�R �P�R�Y�H�� �7�K�H�U�H�I�R�U�H�� �Z�H �F�D�Q �O�D�E�H�O �W�K�L�V �J�U�D�S�K �D�V �I�O�H�[�L�E�O�H��

���7�K�H �U�L�J�L�G�L�W�\ �R�I �V�X�F�K �V�W�U�X�F�W�X�U�H�V �G�H�S�H�Q�G�V �V�R�O�H�O�\ �R�Q �W�K�H�L�U �F�R�P�E�L�Q�D�W�R�U�L�F�V�� �7�K�H�U�H�I�R�U�H�� �Z�H �Z�L�O�O �Z�R�U�N �Z�L�W�K �J�U�D�S�K�V�� �Z�K�R�V�H
�H�G�J�H�V �U�H�S�U�H�V�H�Q�W �E�D�U�V �D�Q�G �Y�H�U�W�L�F�H�V �U�H�S�U�H�V�H�Q�W �M�R�L�Q�W�V��



��

���D�� �5�L�J�L�G ���E�� �)�O�H�[�L�E�O�H

�)�L�J�X�U�H ���� �5�L�J�L�G �Y�V�� �I�O�H�[�L�E�O�H �J�U�D�S�K�V�� ���D�� �L�V �U�L�J�L�G �E�H�F�D�X�V�H �W�K�H�U�H �L�V �Q�R �Z�D�\ �W�R �D�O�W�H�U �D�Q�\ �S�D�L�U�Z�L�V�H
�G�L�V�W�D�Q�F�H�V �L�Q �W�K�H �J�U�D�S�K�� ���E�� �L�V �I�O�H�[�L�E�O�H �E�H�F�D�X�V�H �L�Ie01 �L�V �P�R�Y�H�G�� �W�K�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Qv0 �D�Q�G
v3 �F�K�D�Q�J�H�V �D�Q�G �W�K�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Qv1 �D�Q�Gv2 �F�K�D�Q�J�H�V��

�:�H �Q�R�Z �S�U�R�F�H�H�G �W�R �G�H�I�L�Q�H �U�L�J�L�G�L�W�\ �P�R�U�H �I�R�U�P�D�O�O�\�� �7�D�N�H �V�R�P�H �J�U�D�S�KG = ( V; EG) �Z�L�W�Kn �Y�H�U�W�L�F�H�V
�D�Q�Gm �H�G�J�H�V�� �:�H �I�R�U�P�D�O�O�\ �G�H�I�L�Q�H �D �����G�L�P�H�Q�V�L�R�Q�D�O�E�D�U���D�Q�G���M�R�L�Q�W�I�U�D�P�H�Z�R�U�N �G�H�Q�R�W�H�GG(p) �W�R �D�V�V�L�J�Q
p = ( p1; p2; :::pn ) 2 (R2)n 8v 2 V�� �7�K�H �V�H�W �R�I �S�R�L�Q�W�Vp �U�H�S�U�H�V�H�Q�W�V �F�R�R�U�G�L�Q�D�W�H�V �I�R�U �D�O�O �Y�H�U�W�L�F�H�V �L�Q
G(p) �V�X�F�K �W�K�D�W �D�O�O �H�G�J�H �O�H�Q�J�W�K�V �D�U�H �V�D�W�L�V�I�L�H�G�� �:�H �F�D�O�Op �W�K�H �U�H�D�O�L�]�D�W�L�R�Q �R�I �D�O�On 2 G��G /2 R2��

�*�L�Y�H�Q �W�K�H �I�U�D�P�H�Z�R�U�N �G�H�V�F�U�L�E�H�G �D�E�R�Y�H�� �Z�H �G�H�I�L�Q�H �D �G�L�V�W�D�Q�F�H �H�T�X�D�W�L�R�Qd : V ! R�� �D�V �I�R�O�O�R�Z�V��

d(ij ) = jjp(i ) � p(j )jj 8eij 2 E ������

�:�H �G�H�I�L�Q�H �W�Z�R �I�U�D�P�H�Z�R�U�N�VG(p)��G(q) �D�V�H�T�X�L�Y�D�O�H�Q�W�L�I �W�K�H�L�U �F�R�U�U�H�V�S�R�Q�G�L�Q�J �H�G�J�H �O�H�Q�J�W�K�V �D�U�H �W�K�H
�V�D�P�H�� �:�H �X�V�H �W�K�L�V �G�H�I�L�Q�L�W�L�R�Q �W�R �V�D�\ �W�K�D�W �L�I �W�Z�R �I�U�D�P�H�Z�R�U�N�VG(p)��G(q) �D�U�H �H�T�X�L�Y�D�O�H�Q�W �D�Q�G �W�K�H�U�H
�H�[�L�V�W�V �D �Q�H�L�J�K�E�R�U�K�R�R�GNp �R�Ip �V�X�F�K �W�K�D�Wq 2 Np �W�K�H�Qp �L�V�F�R�Q�J�U�X�H�Q�W�W�Rq�� �(�T�X�D�W�L�R�Q�� �G�H�P�R�Q�V�W�U�D�W�H�V
�W�K�L�V �F�R�Q�J�U�X�H�Q�F�H��

jjp(i ) � p(j )jj = jjq(i ) � q(j )jj 8eij 2 E ������

�'�H�I�L�Q�L�W�L�R�Q ���������,�I 8q 2 Np�� (G; p) �L�V �F�R�Q�J�U�X�H�Q�W �W�R(G; q)�� �Z�H �F�D�Q �V�D�\ �W�K�D�W �W�K�H �I�U�D�P�H�Z�R�U�N �) �L�V
���O�R�F�D�O�O�\�� �U�L�J�L�G �D�Q�G �R�W�K�H�U�Z�L�V�H �I�O�H�[�L�E�O�H��

�*�L�Y�H�Q �W�K�H �G�H�I�L�Q�L�W�L�R�Q�V �R�I �U�L�J�L�G �D�Q�G �I�O�H�[�L�E�O�H�� �Z�H �V�W�D�W�H �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I�P�L�Q�L�P�D�O�O�\ �U�L�J�L�G��

�'�H�I�L�Q�L�W�L�R�Q ���������$ �J�U�D�S�KG = ( V; EG) �L�V �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �L�I

���� G �L�V �U�L�J�L�G

���� G � e �L�V �I�O�H�[�L�E�O�H8 e 2 E

�1�R�W�H �W�K�D�W �G�X�H �W�R �W�K�H �I�L�U�V�W �F�R�Q�G�L�W�L�R�Q �R�I �'�H�I�L�Q�L�W�L�R�Q�������� �D�Q�\ �I�O�H�[�L�E�O�H �J�U�D�S�K �L�V �Q�R�W �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G��
�2�E�V�H�U�Y�H �W�K�D�W �W�K�H �U�H�P�R�Y�D�O �R�I �D�Q�\ �H�G�J�H �I�U�R�P �W�K�H �J�U�D�S�K �S�L�F�W�X�U�H�G �L�Q �)�L�J�X�U�H���D�Z�L�O�O �U�H�V�X�O�W �L�Q �D �I�O�H�[�L�E�O�H
�J�U�D�S�K�� �7�K�H�U�H�I�R�U�H�� �)�L�J�X�U�H���D�L�V�P�L�Q�L�P�D�O�O�\ �U�L�J�L�G�� �&�R�Q�Y�H�U�V�H�O�\�� �)�L�J�X�U�H���E�U�H�P�D�L�Q�V �U�L�J�L�G �H�Y�H�Q �X�S�R�Q
�W�K�H �U�H�P�R�Y�D�O �R�I �D�Q �H�G�J�H�� �)�R�U �H�[�D�P�S�O�H�� �)�L�J�X�U�H�� �V�K�R�Z�V �W�K�H �V�L�[ �G�L�I�I�H�U�H�Q�W �U�H�V�X�O�W�L�Q�J �J�U�D�S�K�V �X�S�R�Q �W�K�H
�U�H�P�R�Y�D�O �R�I �R�Q�H �H�G�J�H �I�U�R�P �)�L�J�X�U�H���E�� �:�H �V�H�H �W�K�D�W �D�O�O �V�L�[ �U�H�V�X�O�W�L�Q�J �I�U�D�P�H�Z�R�U�N�V �D�U�H �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G��
�7�K�H�U�H�I�R�U�H�� �)�L�J�X�U�H���E�L�V�R�Y�H�U���F�R�Q�V�W�U�D�L�Q�H�G��

���1�R�W�H�� �Z�H �D�E�X�V�H �Q�R�W�D�W�L�R�Q �L�Q �H�T�X�D�W�L�R�Q�� �W�R �Y�L�H�Z �S �D�V �D �I�X�Q�F�W�L�R�Q �P�D�S�S�L�Q�J �Y�H�U�W�H�[ �L�Q�G�L�F�H�V �W�R �S�R�L�Q�W�V
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���D�� �0�L�Q�L�P�D�O�O�\ �5�L�J�L�G ���E�� �2�Y�H�U���&�R�Q�V�W�U�D�L�Q�H�G

�)�L�J�X�U�H ���� �0�L�Q�L�P�D�O�O�\ �U�L�J�L�G ���X�S�R�Q �U�H�P�R�Y�D�O �R�I �D�Q�\ �H�G�J�H�� �J�U�D�S�K �L�V �I�O�H�[�L�E�O�H�� �Y�V �R�Y�H�U���F�R�Q�V�W�U�D�L�Q�H�G ���X�S�R�Q
�U�H�P�R�Y�D�O �R�I �D�Q �H�G�J�H �J�U�D�S�K �L�V �V�W�L�O�O �U�L�J�L�G��

�)�L�J�X�U�H ���� �8�S�R�Q �U�H�P�R�Y�D�O �R�I �H�D�F�K �R�I �W�K�H �� �H�G�J�H�V �I�U�R�P �)�L�J�X�U�H���E�� �J�U�D�S�K �L�V �V�W�L�O�O �U�L�J�L�G

�:�H �X�V�H �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �J�U�D�S�K�V �W�R �L�G�H�Q�W�L�I�\ �W�K�H �I�H�Z�H�V�W �Q�X�P�E�H�U �R�I �H�G�J�H�V �U�H�T�X�L�U�H�G �I�R�U �U�L�J�L�G�L�W�\�� �7�K�L�V �L�Q
�W�X�U�Q �K�H�O�S�V �W�R �U�H�G�X�F�H �W�K�H �Q�X�P�E�H�U �R�I �G�L�V�W�D�Q�F�H �F�R�Q�V�W�U�D�L�Q�W�V �U�H�T�X�L�U�H�G �I�R�U �I�R�U�P�D�W�L�R�Q �F�R�Q�W�U�R�O��

������ �+�H�Q�Q�H�E�H�U�J �0�R�Y�H�V

�:�H �Q�R�Z �G�H�V�F�U�L�E�H �L�Q�G�X�F�W�L�Y�H �F�R�Q�V�W�U�X�F�W�L�R�Q �V�W�H�S�V �F�D�O�O�H�G�+�H�Q�Q�H�E�H�U�J �P�R�Y�H�V�W�K�D�W �F�K�D�U�D�F�W�H�U�L�]�H �P�L�Q�L�P�D�O
�U�L�J�L�G�L�W�\ �L�Q �W�K�H �S�O�D�Q�H�� �7�K�H �G�H�I�L�Q�L�W�L�R�Q�V �L�Q �W�K�L�V �V�H�F�W�L�R�Q �D�U�H �W�D�N�H�Q �I�U�R�P �>�����@�� �7�K�H�U�H �D�U�H �W�Z�R �W�\�S�H�V �R�I
�L�Q�G�X�F�W�L�Y�H �P�R�Y�H�V���+�H�Q�Q�H�E�H�U�J �� ���+�����D�Q�G�+�H�Q�Q�H�E�H�U�J �� ���+������

�'�H�I�L�Q�L�W�L�R�Q ���������)�R�U �V�R�P�HG = ( V; EG) �Z�K�H�U�Hf va; vb; vcg � V ��

���� ���Y�H�U�W�H�[ �D�G�G�L�W�L�R�Q���+�H�Q�Q�H�E�H�U�J �� ���+������ �$�G�G �Y�H�U�W�H�[vc �Z�L�W�Kd(v) = 2 �D�Q�G �Q�H�L�J�K�E�R�U�V � N (v) =
f va; vbg �Z�K�H�U�Hva 6= vb

���� ���H�G�J�H �V�S�O�L�W�W�L�Q�J���+�H�Q�Q�H�E�H�U�J �� ���+������ �U�H�P�R�Y�H �H�G�J�Heab �D�Q�G �D�G�G �Y�H�U�W�H�[ �Y �Z�L�W�Kd(v) = 3 �D�Q�G
N (v) = f va; vb; vcg �Z�K�H�U�Hvc 6= va �D�Q�Gvc 6= vb

�$�Q �H�[�D�P�S�O�H �R�I �W�K�L�V �W�\�S�H �R�I �F�R�Q�V�W�U�X�F�W�L�R�Q �L�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H���� �*�L�Y�H�Q �W�K�H �V�W�D�U�W�L�Q�J �H�G�J�He01�� �Z�H �V�H�H
�W�K�D�Wv2 �L�V �D�G�G�H�G �Y�L�D �D�Q �+�� �P�R�Y�H�� �)�L�U�V�W��v2 �L�V �D�G�G�H�G �W�R �W�K�H �I�U�D�P�H�Z�R�U�N�� �D�Q�G �W�K�H�Q �L�V �F�R�Q�Q�H�F�W�H�G �W�R
�W�Z�R �H�[�L�V�W�L�Q�J �Y�H�U�W�L�F�H�V �^v0��v1�`�� �7�K�L�V �V�D�P�H �S�U�R�F�H�V�V �L�V �V�H�H�Q �Z�L�W�K �W�K�H �D�G�G�L�W�L�R�Q �R�Iv3 �D�Q�Gv4�� �Z�K�H�U�Hv3

�L�V �F�R�Q�Q�H�F�W�H�G �W�R �^v0��v1�` �D�Q�Gv4 �L�V �F�R�Q�Q�H�F�W�H�G �W�R �^v2��v3�`�� �7�K�H �O�D�V�W �V�W�H�S �R�I �W�K�H �F�R�Q�V�W�U�X�F�W�L�R�Q �L�V �D�Q
�+�� �P�R�Y�H�� �)�L�U�V�W��e03 �L�V �U�H�P�R�Y�H�G�� �W�K�H�Qv5 �L�V �D�G�G�H�G �W�R �W�K�H �I�U�D�P�H�Z�R�U�N�� �7�K�H�Q��v5 �L�V �F�R�Q�Q�H�F�W�H�G �W�R �W�K�H
�H�Q�G�S�R�L�Q�W�V �R�I �W�K�H �U�H�P�R�Y�H�G �H�G�J�H�� �^v0��v3�` �D�Q�G �D �Q�H�Z �H�G�J�He45 �L�V �D�G�G�H�G��
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�:�H �D�U�H �S�D�U�W�L�F�X�O�D�U�O�\ �L�Q�W�H�U�H�V�W�H�G �L�Q �+�H�Q�Q�H�E�H�U�J �P�R�Y�H�V �G�X�H �W�R �L�W�V �U�H�O�D�W�L�R�Q�V�K�L�S �Z�L�W�K �W�K�H �F�R�Q�F�H�S�W �R�I������������
�W�L�J�K�W�Q�H�V�V�� �:�H �X�V�H �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I�������������V�S�D�U�V�H�W�R �G�H�I�L�Q�H �������������W�L�J�K�W�Q�H�V�V��

�'�H�I�L�Q�L�W�L�R�Q ���������)�R�U �V�R�P�H �J�U�D�S�KG = ( V; EG)�� �Z�H �V�D�\G �L�V �������������V�S�D�U�V�H �L�I �I�R�U �H�Y�H�U�\ �V�X�E�J�U�D�S�K
G0 = ( VG0; EG0) �Z�K�H�U�HjEG0j � 1��jEG0j � 2jVG0j � 3��

�'�H�I�L�Q�L�W�L�R�Q ���������)�R�U �V�R�P�H �J�U�D�S�KG = ( V; EG)�� �Z�H �V�D�\G �L�V �������������W�L�J�K�W �L�I

���� G �L�V �������������V�S�D�U�V�H

���� jEG j = 2 jV j � 3

�)�L�J�X�U�H ���� �+�H�Q�Q�H�E�H�U�J �F�R�Q�V�W�U�X�F�W�L�R�Q �H�[�D�P�S�O�H �X�V�L�Q�J �+�� �D�Q�G �+�� �P�R�Y�H�V�� �^v2��v3��v4�` �D�G�G�H�G �Y�L�D �+����v5

�D�G�G�H�G �Y�L�D �+����

�)�L�J�X�U�H�� �F�R�Q�W�D�L�Q�V �W�K�H �V�X�E�J�U�D�S�K�V �Z�L�W�KjE j � 1 �R�I �)�L�J�X�U�H���D�� �:�H �V�H�H �W�K�D�W �D�O�O �V�X�E�J�U�D�S�K�V �D�G�K�H�U�H �W�R �W�K�H
�F�R�Q�G�L�W�L�R�Q�V �R�I �'�H�I�L�Q�L�W�L�R�Q�������� �)�R�U �H�[�D�P�S�O�H�� �I�R�U �D�O�O �V�X�E�J�U�D�S�K�V �Z�L�W�KjE j = 1��jE j � 2jV j� 3 = 2(2) �
3 = 1�� �7�K�H�U�H�I�R�U�H�� �Z�H �F�D�Q �V�D�\ �W�K�D�W �)�L�J�X�U�H���D�L�V �������������V�S�D�U�V�H�� �*�L�Y�H�Q �W�K�D�W �)�L�J�X�U�H���D�L�V �������������V�S�D�U�V�H��
�W�K�H �I�L�U�V�W �F�R�Q�G�L�W�L�R�Q �R�I �'�H�I�L�Q�L�W�L�R�Q�������L�V �V�D�W�L�V�I�L�H�G�� �:�H �D�O�V�R �Q�R�W�H �W�K�D�WjEj � 2jV j � 3 = 2(3) � 3 = 3��
�Z�K�L�F�K �V�D�W�L�V�I�L�H�V �W�K�H �V�H�F�R�Q�G �F�R�Q�G�L�W�L�R�Q �R�I �'�H�I�L�Q�L�W�L�R�Q�������� �7�K�H�U�H�I�R�U�H�� �Z�H �F�D�Q �V�D�\ �W�K�D�W �)�L�J�X�U�H���D�L�V
�������������W�L�J�K�W��

�)�L�J�X�U�H ���� �6�X�E�J�U�D�S�K�V �R�I �I�L�J�X�U�H���D�Z�L�W�KjE j � 1�� �*�L�Y�H�Q �W�K�D�W �H�D�F�K �V�X�E�J�U�D�S�K �V�D�W�L�V�I�L�H�VjE j � 2jV j � 3��
�Z�H �F�D�Q �V�D�\ �I�L�J�X�U�H���D�L�V �������������V�S�D�U�V�H��

�7�K�H�R�U�H�P �����������+�H�Q�Q�H�E�H�U�J �>���@�� �/�D�P�D�Q �>�����@���� �$ �J�U�D�S�K �* �L�V �������������W�L�J�K�W �L�I �D�Q�G �R�Q�O�\ �L�I �L�W �F�D�Q �E�H
�G�H�U�L�Y�H�G �U�H�F�X�U�V�L�Y�H�O�\ �I�U�R�P �D �V�L�Q�J�O�H �H�G�J�H �E�\ �Y�H�U�W�H�[ �D�G�G�L�W�L�R�Q�V ���+���� �D�Q�G �H�G�J�H �V�S�O�L�W�W�L�Q�J ���+������

�:�H �Q�R�Z �F�R�Q�Q�H�F�W �������������W�L�J�K�W �W�R �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �J�U�D�S�K�V��
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�7�K�H�R�U�H�P �����������3�R�O�O�D�F�]�H�N���*�H�L�U�L�Q�J�H�U �>�����@�� �/�D�P�D�Q �>�����@���� �$ �J�U�D�S�K �* �L�V �J�H�Q�H�U�L�F�D�O�O�\ �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G
�L�Q �W�K�H �S�O�D�Q�H �L�I �D�Q�G �R�Q�O�\ �L�I �* �L�V ������ �������W�L�J�K�W��

�5�H�F�D�O�O �W�K�D�W �W�K�H �J�U�D�S�K �L�Q �)�L�J�X�U�H�� �L�V �F�R�Q�V�W�U�X�F�W�H�G �L�Q�G�X�F�W�L�Y�H�O�\ �X�V�L�Q�J �+�H�Q�Q�H�E�H�U�J �P�R�Y�H�V�� �7�K�H�U�H�I�R�U�H�� �E�\
�7�K�H�R�U�H�P�������Z�H �F�D�Q �V�D�\ �W�K�D�W �W�K�H �J�U�D�S�K �L�V �������������W�L�J�K�W�� �*�L�Y�H�Q �W�K�D�W �W�K�H �J�U�D�S�K �L�Q �)�L�J�X�U�H�� �L�V �������������W�L�J�K�W��
�X�V�L�Q�J �7�K�H�R�U�H�P�������� �Z�H �F�D�Q �V�D�\ �W�K�D�W �L�W �L�V �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G�� �,�Q �W�K�L�V �W�K�H�V�L�V �Z�H �Z�L�O�O �V�S�H�F�L�I�L�F�D�O�O�\ �E�H
�I�R�F�X�V�L�Q�J �R�Q �J�U�D�S�K�V �F�R�Q�V�W�U�X�F�W�H�G �L�Q�G�X�F�W�L�Y�H�O�\ �X�V�L�Q�J �+�� �P�R�Y�H�V��

�,�W �Z�L�O�O �E�H �L�P�S�R�U�W�D�Q�W �I�R�U �R�X�U �S�U�R�M�H�F�W �W�K�D�W �W�K�H�U�H �P�D�\ �E�H �P�R�U�H �W�K�D�Q �R�Q�H �V�H�T�X�H�Q�F�H �R�I �R�Q�O�\ �+�� �P�R�Y�H�V
�W�K�D�W �F�D�Q �F�R�Q�V�W�U�X�F�W �D �J�L�Y�H�Q �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �J�U�D�S�K�� �)�R�U �H�[�D�P�S�O�H�� �L�Q �)�L�J�X�U�H���� �W�K�H �U�H�V�X�O�W�L�Q�J �P�L�Q�L�P�D�O�O�\
�U�L�J�L�G �J�U�D�S�K �I�U�R�P �E�R�W�K �+�� �V�H�T�X�H�Q�F�H�V �L�V �W�K�H �V�D�P�H�� �+�R�Z�H�Y�H�U�� �W�K�H �V�H�T�X�H�Q�F�H �R�I �+�� �P�R�Y�H�V �D�S�S�O�L�H�G
�W�R �F�R�Q�V�W�U�X�F�W �W�K�H �J�U�D�S�K �L�V �G�L�I�I�H�U�H�Q�W�� �)�R�U �H�[�D�P�S�O�H�� �W�K�H �V�H�T�X�H�Q�F�H �R�I �+�� �P�R�Y�H�V �I�R�U �W�K�H �I�L�U�V�W �J�U�D�S�K �L�V
f v1; v3g�� �Z�K�L�O�H �W�K�H �V�H�T�X�H�Q�F�H �I�R�U �W�K�H �V�H�F�R�Q�G �J�U�D�S�K �L�Vf v3; v1g��

�)�L�J�X�U�H ���� �(�[�D�P�S�O�H �R�I �G�L�I�I�H�U�H�Q�W �+�� �F�R�Q�V�W�U�X�F�W�L�R�Q �V�H�T�X�H�Q�F�H�V�� �+�� �V�H�T�X�H�Q�F�H �I�R�U �W�R�S �J�U�D�S�K �L�Vf v1; v3g��
�+�� �V�H�T�X�H�Q�F�H �I�R�U �E�R�W�W�R�P �J�U�D�S�K �L�Vf v3; v1g��

�:�H �Q�R�W�H �W�K�D�W �L�IG �K�D�V �D�Q �+�� �F�R�Q�V�W�U�X�F�W�L�R�Q�� �Q�R�W �H�Y�H�U�\ �H�G�J�H �P�D�\ �E�H �X�V�H�G �D�V �W�K�H �I�L�U�V�W �H�G�J�H �L�Q �D�Q �+��
�F�R�Q�V�W�U�X�F�W�L�R�Q �R�IG�� �)�R�U �H�[�D�P�S�O�H�� �W�K�H �J�U�D�S�K �L�Q �)�L�J�X�U�H�� �F�D�Q �E�H �F�R�Q�V�W�U�X�F�W�H�G �X�V�L�Q�J �R�Q�O�\ �+�� �P�R�Y�H�V
�J�L�Y�H�Q �V�W�D�U�W�L�Q�J �H�G�J�He01 ���D�V �V�H�H�Q �L�Q �)�L�J�X�U�H�������� �+�R�Z�H�Y�H�U�� �L�I �Z�H �W�D�N�H �V�W�D�U�W�L�Q�J �H�G�J�He24 �R�Ue34�� �Z�H �D�U�H
�X�Q�D�E�O�H �W�R �U�H�F�U�H�D�W�H �)�L�J�X�U�H�� �X�V�L�Q�J �R�Q�O�\ �+�� �P�R�Y�H�V�� �,�Q �R�U�G�H�U �W�R �S�H�U�I�R�U�P �D�Q �+�� �P�R�Y�H�� �W�K�H�U�H �P�X�V�W �E�H
�W�Z�R �S�U�H�Y�L�R�X�V�O�\ �H�[�L�V�W�L�Q�J �Y�H�U�W�L�F�H�V �L�Q �W�K�H �J�U�D�S�K �W�K�D�W �K�D�Y�H �D�W �O�H�D�V�W �R�Q�H �V�K�D�U�H�G �Q�H�L�J�K�E�R�U�� �)�R�U �H�[�D�P�S�O�H��
v0 �D�Q�Gv1 �K�D�Y�H �Q�H�L�J�K�E�R�U�Vf v2; v3g�� �+�R�Z�H�Y�H�U�� �Y�H�U�W�L�F�H�Vv2 �D�Q�Gv4 �K�D�Y�H �Q�R �Q�H�L�J�K�E�R�U�V�� �V�R �D�Q �+�� �P�R�Y�H
�F�D�Q�Q�R�W �E�H �S�H�U�I�R�U�P�H�G�� �6�L�P�L�O�D�U�O�\ �Z�L�W�Kv3 �D�Q�Gv4�� �W�K�H �W�Z�R �Y�H�U�W�L�F�H�V �G�R �Q�R�W �V�K�D�U�H �D�Q�\ �Q�H�L�J�K�E�R�U�V �V�R �Q�R
�+�� �P�R�Y�H�V �F�D�Q �E�H �S�H�U�I�R�U�P�H�G�� �1�R�W�H �W�K�D�W �)�L�J�X�U�H�� �L�V �D�Q �H�[�D�P�S�O�H �R�I �D �J�U�D�S�K �L�Q �Z�K�L�F�K �H�Y�H�U�\ �H�G�J�H �P�D�\
�E�H �X�V�H�G �D�V �W�K�H �I�L�U�V�W �H�G�J�H �L�Q �D�Q �+�� �F�R�Q�V�W�U�X�F�W�L�R�Q��

������ �3�H�U�V�L�V�W�H�Q�F�H �7�K�H�R�U�\

�7�K�H �U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q �J�U�D�S�K �W�K�H�R�U�\ �D�Q�G �P�X�O�W�L���U�R�E�R�W �I�R�U�P�D�W�L�R�Q�V �F�D�Q �E�H �W�K�R�X�J�K�W �R�I �L�Q �W�H�U�P�V �R�I
�U�R�E�R�W�V ���Y�H�U�W�L�F�H�V�� �D�Q�G �G�L�V�W�D�Q�F�H �F�R�Q�V�W�U�D�L�Q�W�V ���H�G�J�H�V���� �:�K�H�Q �Z�H �D�S�S�O�\ �U�L�J�L�G�L�W�\ �W�K�H�R�U�\ �W�R �P�X�O�W�L���U�R�E�R�W
�I�R�U�P�D�W�L�R�Q�V�� �U�R�E�R�W�V �P�X�V�W �P�D�L�Q�W�D�L�Q �W�K�H �G�L�V�W�D�Q�F�H �F�R�Q�V�W�U�D�L�Q�W�V �E�H�W�Z�H�H�Q �W�K�H�P�� �7�K�H�U�H�I�R�U�H�� �W�K�H �X�Q�G�L�U�H�F�W�H�G
�H�G�J�H�V �R�I �U�L�J�L�G�L�W�\ �W�K�H�R�U�\ �U�H�V�X�O�W �L�Q �U�H�G�X�Q�G�D�Q�F�\ �R�I �F�R�Q�V�W�U�D�L�Q�W�V�� �)�R�U �H�[�D�P�S�O�H�� �L�Q �)�L�J�X�U�H���D��v0 �L�V �Z�R�U�N�L�Q�J
�W�R �P�D�L�Q�W�D�L�Q �W�K�H �F�R�Q�V�W�U�D�L�Q�W �J�L�Y�H�Q �E�\e01 �D�Q�Gv1 �L�V �Z�R�U�N�L�Q�J �W�R �P�D�L�Q�W�D�L�Q �W�K�H �V�D�P�H �F�R�Q�V�W�U�D�L�Q�W�� �:�H �F�D�Q
�U�H�G�X�F�H �W�K�H �Q�X�P�E�H�U �F�R�Q�V�W�U�D�L�Q�W�V �E�\ �D�S�S�O�\�L�Q�J �G�L�U�H�F�W�H�G �H�G�J�H�V �L�Q �S�H�U�V�L�V�W�H�Q�F�H �W�K�H�R�U�\ �Z�K�H�U�H �U�R�E�R�W�V �R�Q�O�\
�D�G�K�H�U�H �W�R �W�K�H �F�R�Q�V�W�U�D�L�Q�W�V �J�L�Y�H�Q �E�\ �W�K�H�L�U �R�X�W�J�R�L�Q�J �H�G�J�H�V�� �)�R�U �H�[�D�P�S�O�H�� �L�Q �)�L�J�X�U�H�����D��v0 �L�V �W�K�H �R�Q�O�\
�Y�H�U�W�H�[ �W�K�D�W �P�D�L�Q�W�D�L�Q�V �W�K�H �F�R�Q�V�W�U�D�L�Q�W �J�L�Y�H�Q �E�\ �R�X�W�J�R�L�Q�J �H�G�J�H�!e01��



����

�)�L�J�X�U�H ���� �+�� �I�U�D�P�H�Z�R�U�N �W�K�D�W �F�D�Q�Q�R�W �E�H �F�R�Q�V�W�U�X�F�W�H�G �I�U�R�P �D�O�O �V�W�D�U�W�L�Q�J �H�G�J�H�V�� �)�L�J�X�U�H���� �V�K�R�Z�V �D
�F�R�Q�V�W�U�X�F�W�L�R�Q �I�U�R�P �V�W�D�U�W�L�Q�J �H�G�J�He01�� �6�W�D�U�W�L�Q�J �H�G�J�H�Vf e34; e24g �K�D�Y�H �Q�R �S�R�V�V�L�E�O�H �+�� �V�H�T�X�H�Q�F�H �H�Q�G�L�Q�J
�L�Q �W�K�H �G�H�V�L�U�H�G �J�U�D�S�K��

�)�L�J�X�U�H ������ �+�H�Q�Q�H�E�H�U�J �� �F�R�Q�V�W�U�X�F�W�L�R�Q �H�[�D�P�S�O�H �R�I �I�L�J�X�U�H�� �I�U�R�P �V�W�D�U�W�L�Q�J �H�G�J�He01��

�,�Q �W�K�L�V �V�H�F�W�L�R�Q �Z�H �U�H�Y�L�H�Z �W�K�H �I�R�X�Q�G�D�W�L�R�Q�V �R�I �S�H�U�V�L�V�W�H�Q�F�H �W�K�H�R�U�\ �D�V �V�H�W �I�R�U�W�K �E�\ �+�H�Q�G�U�L�F�N�[ �H�W �D�O�� �>����
���@�� �/�H�Wp �E�H �D�Q �H�P�E�H�G�G�L�Q�J �R�I �V�R�P�H �G�L�U�H�F�W�H�G �J�U�D�S�KH = ( V; EH )�� �:�H �G�H�I�L�Q�H �D �I�R�U�P�D�W�L�R�Q �D�V �W�K�H �S�D�L�U
(H; p)�� �,�Q�W�X�L�W�L�Y�H�O�\�� �D �I�R�U�P�D�W�L�R�Q �L�V�S�H�U�V�L�V�W�H�Q�W�L�I �L�W �D�G�K�H�U�H�V �W�R �W�K�H �I�R�O�O�R�Z�L�Q�J �F�R�Q�G�L�W�L�R�Q�V��

���� �(�Y�H�U�\ �U�R�E�R�W �K�D�V �D �S�R�V�L�W�L�R�Q �W�K�D�W �D�O�O�R�Z�V �L�W �W�R �V�D�W�L�V�I�\ �L�W�V �F�R�Q�V�W�U�D�L�Q�W�V

���� �,�W�V �X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �L�V �U�L�J�L�G

�)�R�U �H�[�D�P�S�O�H�� �)�L�J�X�U�H�����D�L�V �S�H�U�V�L�V�W�H�Q�W �E�H�F�D�X�V�H �D�O�O �Y�H�U�W�L�F�H�V �K�D�Y�H �D �S�R�V�L�W�L�R�Q �L�Q �Z�K�L�F�K �W�K�H�\ �F�D�Q �P�D�L�Q�W�D�L�Q
�W�K�H�L�U �F�R�Q�V�W�U�D�L�Q�W�V �D�Q�G �L�W�V �X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �L�V �U�L�J�L�G ���D�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H������ �)�L�J�X�U�H�����E�L�V
�Q�R�W �S�H�U�V�L�V�W�H�Q�W �E�H�F�D�X�V�H �L�W�V �X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �L�V �I�O�H�[�L�E�O�H ���D�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H������ �)�L�J�X�U�H
�����F�L�V �Q�R�W �S�H�U�V�L�V�W�H�Q�W �E�H�F�D�X�V�H �Z�K�H�Qv2 �P�R�Y�H�V �D�U�R�X�Q�Gv3��v0 �L�V �X�Q�D�E�O�H �W�R �I�L�Q�G �D �S�R�V�L�W�L�R�Q �W�K�D�W �V�D�W�L�V�I�L�H�V
�D�O�O �S�U�H�G�H�W�H�U�P�L�Q�H�G �F�R�Q�V�W�U�D�L�Q�W�V�� �,�Q �)�L�J�X�U�H�����F�Z�H �V�H�H �W�K�D�W �D�Vv2 �P�R�Y�H�V �G�R�Z�Q��v0 �L�V �X�Q�D�E�O�H �W�R �P�D�L�Q�W�D�L�Q
�W�K�H �F�R�Q�V�W�U�D�L�Q�W �J�L�Y�H�Q �E�\e02��

�:�H �Q�R�Z �I�R�U�P�D�O�O�\ �F�D�S�W�X�U�H �W�K�H �L�Q�W�X�L�W�L�Y�H �F�R�Q�F�H�S�W�V �G�H�V�F�U�L�E�H�G �H�D�U�O�L�H�U�� �:�H �F�D�O�O �H�G�J�H�! eij �D�F�W�L�Y�H�L�I �L�W
�D�G�K�H�U�H�V �W�Rd(

�!
ij ) = jjp(i ) � p(j )jj 8 �! eij 2 EH �� �1�R�W�H �W�K�D�W �W�K�L�V �H�T�X�D�W�L�R�Q �L�V �D�Q �H�[�W�H�Q�V�L�R�Q �R�I �H�T�X�D�W�L�R�Q

���� �:�H �V�D�\ �W�K�D�W �D �S�R�V�L�W�L�R�Q �R�Ivi 2 V �L�V�I�L�W�W�L�Q�J�L�I �L�W �L�V �L�P�S�R�V�V�L�E�O�H �W�R �L�Q�F�U�H�D�V�H �W�K�H �V�H�W �R�I �D�F�W�L�Y�H �F�R�Q�V�W�U�D�L�Q�W�V
�R�Ivi �E�\ �R�Q�O�\ �P�R�Y�L�Q�J �W�K�H �S�R�V�L�W�L�R�Q �R�Ivi ���D�V�V�X�P�L�Q�J �Q�R �R�W�K�H�U �Y�H�U�W�H�[ �S�R�V�L�W�L�R�Q�V �D�U�H �F�K�D�Q�J�H�G���� �:�H �V�D�\
�W�K�D�W �D�Q �H�P�E�H�G�G�L�Q�J �L�V �D�I�L�W�W�L�Q�J �H�P�E�H�G�G�L�Q�J�L�I �D�O�Ovi 2 V �D�U�H �I�L�W�W�L�Q�J�� �)�R�U �H�[�D�P�S�O�H�� �H�P�E�H�G�G�L�Q�J ���L�� �L�Q
�)�L�J�X�U�H���� �L�V �Q�R�W �I�L�W�W�L�Q�J �E�H�F�D�X�V�H �R�Q�O�\e01 �L�V �P�D�G�H �D�F�W�L�Y�H�� �Z�K�L�O�H �W�K�H�U�H �H�[�L�V�W�V �D �S�R�V�L�W�L�R�Q �L�Q �Z�K�L�F�Ke01

�D�Q�Ge03 �D�U�H �D�F�W�L�Y�H ���)�L�J�X�U�H���� ���L�L������ �:�H �I�R�U�P�D�O�O�\ �G�H�I�L�Q�H �S�H�U�V�L�V�W�H�Q�F�H �E�H�O�R�Z��

�'�H�I�L�Q�L�W�L�R�Q ���������$ �I�R�U�P�D�W�L�R�Q(H; p) �L�V �S�H�U�V�L�V�W�H�Q�W �L�I �D�O�O �I�L�W�W�L�Q�J �H�P�E�H�G�G�L�Q�J�Vq 2 Np �D�U�H �F�R�Q�J�U�X�H�Q�W �W�R
p��

�$�O�W�H�U�Q�D�W�L�Y�H�O�\�� �Z�H �F�D�Q �F�K�D�U�D�F�W�H�U�L�]�H ���J�H�Q�H�U�L�F�� �S�H�U�V�L�V�W�H�Q�F�H �X�V�L�Q�J �U�L�J�L�G�L�W�\��



����

���D�� �3�H�U�V�L�V�W�H�Q�W ���E�� �1�R�W �3�H�U�V�L�V�W�H�Q�W
���F�� �1�R�W �3�H�U�V�L�V�W�H�Q�W

�)�L�J�X�U�H ������ �3�H�U�V�L�V�W�H�Q�W �Y�V �Q�R�W �S�H�U�V�L�V�W�H�Q�W�� ���D�� �L�V �S�H�U�V�L�V�W�H�Q�W �E�H�F�D�X�V�H �W�K�H �X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �L�V
�U�L�J�L�G �D�Q�G �D�O�O �Y�H�U�W�L�F�H�V �K�D�Y�H �D �S�R�V�L�W�L�R�Q �L�Q �Z�K�L�F�K �W�K�H�\ �F�D�Q �P�D�L�Q�W�D�L�Q �W�K�H�L�U �F�R�Q�V�W�U�D�L�Q�W�V�� ���E�� �Q�R�W �S�H�U�V�L�V�W�H�Q�W
�E�H�F�D�X�V�H �W�K�H �X�Q�G�H�U�O�\�L�Q�J �J�U�D�S�K �L�V �I�O�H�[�L�E�O�H�� ���F�� �Q�R�W �S�H�U�V�L�V�W�H�Q�W �E�H�F�D�X�V�H �L�Iv2 �P�R�Y�H�V �W�K�H�Qv0 �L�V �X�Q�D�E�O�H �W�R
�I�L�Q�G �D �S�R�V�L�W�L�R�Q �W�K�D�W �V�D�W�L�V�I�L�H�V �D�O�O �L�W�V �F�R�Q�V�W�U�D�L�Q�W�V��

�)�L�J�X�U�H ������ �)�L�W�W�L�Q�J �H�P�E�H�G�G�L�Q�J �H�[�D�P�S�O�H�V�� �'�R�W�W�H�G �O�L�Q�H�V �U�H�S�U�H�V�H�Q�W �Q�R�Q���D�F�W�L�Y�H �F�R�Q�V�W�U�D�L�Q�W�V�� �D�Q�G �V�R�O�L�G
�O�L�Q�H�V �U�H�S�U�H�V�H�Q�W �D�F�W�L�Y�H �F�R�Q�V�W�U�D�L�Q�W�V�� ���L�� �L�V �Q�R�W �I�L�W�W�L�Q�J �E�H�F�D�X�V�H �W�K�H�U�H �L�V �D �D �G�L�I�I�H�U�H�Q�W �S�R�V�L�W�L�R�Q �R�Iv0 �V�X�F�K
�W�K�D�W �W�K�H �Q�X�P�E�H�U �R�I �D�F�W�L�Y�H �F�R�Q�V�W�U�D�L�Q�W�V �L�Q�F�U�H�D�V�H�V�� �,�Iv0 �L�V �P�R�Y�H�G �W�R �W�K�H �S�R�V�L�W�L�R�Q �V�K�R�Z�Q �L�Q ���L�L���� �Z�H �V�H�H
�W�K�D�W �W�K�H �P�D�[�L�P�X�P �Q�X�P�E�H�U �R�I �D�F�W�L�Y�H �F�R�Q�V�W�U�D�L�Q�W�V �L�V �U�H�D�F�K�H�G�� �7�K�H�U�H�I�R�U�H�� ���L�L�� �L�V �D �I�L�W�W�L�Q�J �H�P�E�H�G�G�L�Q�J��

�7�K�H�R�U�H�P ��������[7]
�$ �G�L�U�H�F�W�H�G �J�U�D�S�KH �L�V �S�H�U�V�L�V�W�H�Q�W �L�I �D�Q�G �R�Q�O�\ �L�I �W�K�H �X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �R�I �H�Y�H�U�\ �V�X�E�J�U�D�S�K
�R�E�W�D�L�Q�H�G �E�\ �U�H�P�R�Y�L�Q�J �R�X�W�J�R�L�Q�J �H�G�J�H�V �I�U�R�Pv 2 V �Z�L�W�K �R�X�W���G�H�J�U�H�H> 2 �X�Q�W�L�O �D�O�Ov 2 vH �K�D�Y�H
�R�X�W���G�H�J�U�H�H� 2 �L�V �J�H�Q�H�U�L�F�D�O�O�\ �U�L�J�L�G��

�,�Q �U�R�E�R�W�L�F�V�� �F�R�Q�V�W�U�D�L�Q�W�V �D�U�H �G�H�W�H�F�W�H�G �X�V�L�Q�J �V�H�Q�V�R�U�V�� �7�R �U�H�G�X�F�H �W�K�H �Q�X�P�E�H�U �R�I �V�H�Q�V�R�U�V �U�H�T�X�L�U�H�G �L�Q
�I�R�U�P�D�W�L�R�Q �F�R�Q�W�U�R�O�� �Z�H �P�X�V�W �U�H�G�X�F�H �W�K�H �Q�X�P�E�H�U �R�I �F�R�Q�V�W�U�D�L�Q�W�V��

�6�L�P�L�O�D�U �W�R �W�K�H �F�R�Q�F�H�S�W �R�I �D �J�U�D�S�K �E�H�L�Q�J �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G�� �Z�H �W�D�N�H �D �V�X�E�V�H�W �R�I �S�H�U�V�L�V�W�H�Q�W �J�U�D�S�K�V �W�K�D�W
�D�O�O�R�Z�V �I�R�U �W�K�H �U�H�G�X�F�W�L�R�Q �L�Q �W�K�H �Q�X�P�E�H�U �R�I �V�H�Q�V�R�U�V �X�V�H�G �L�Q �I�R�U�P�D�W�L�R�Q �F�R�Q�W�U�R�O��

�'�H�I�L�Q�L�W�L�R�Q �����������$ �I�R�U�P�D�W�L�R�QF = ( H; p) �L�V �P�L�Q�L�P�D�O�O�\ �S�H�U�V�L�V�W�H�Q�W �L�I

���� F �L�V �S�H�U�V�L�V�W�H�Q�W

���� F � e0 �L�V �Q�R �O�R�Q�J�H�U �S�H�U�V�L�V�W�H�Q�W8e0 2 EH

�7�R �G�H�W�H�U�P�L�Q�H �Z�K�H�W�K�H�U �R�U �Q�R�W �D �I�R�U�P�D�W�L�R�Q �L�V�P�L�Q�L�P�D�O�O�\ �S�H�U�V�L�V�W�H�Q�W�Z�H �F�D�Q �F�K�H�F�N �W�K�H �R�X�W���G�H�J�U�H�H�V �R�I
�H�D�F�K �Y�H�U�W�H�[ �L�Q �W�K�H �I�R�U�P�D�W�L�R�Q��

�7�K�H�R�U�H�P ����������[7]



����

�$ �I�R�U�P�D�W�L�R�Q �L�V �P�L�Q�L�P�D�O�O�\ �S�H�U�V�L�V�W�H�Q�W �L�I �D�Q�G �R�Q�O�\ �L�I �R�Q�H �R�I �W�K�H �I�R�O�O�R�Z�L�Q�J �F�R�Q�G�L�W�L�R�Q�V �K�R�O�G��

���� �7�K�U�H�H �Y�H�U�W�L�F�H�V �L�Q �W�K�H �I�R�U�P�D�W�L�R�Q �K�D�Y�H �R�X�W���G�H�J�U�H�H � �� �D�Q�G �D�O�O �R�W�K�H�U �Y�H�U�W�L�F�H�V �L�Q �W�K�H �I�R�U�P�D�W�L�R�Q
�K�D�Y�H �R�X�W���G�H�J�U�H�H � ����

���� �2�Q�H �Y�H�U�W�H�[ �L�Q �W�K�H �I�R�U�P�D�W�L�R�Q �K�D�V �R�X�W���G�H�J�U�H�H � ���� �R�Q�H �Y�H�U�W�H�[ �K�D�V �R�X�W���G�H�J�U�H�H � ���� �D�Q�G �W�K�H �U�H�V�W
�R�I �W�K�H �Y�H�U�W�L�F�H�V �K�D�Y�H �R�X�W���G�H�J�U�H�H � ����

�)�L�J�X�U�H�����D�L�V �P�L�Q�L�P�D�O�O�\ �S�H�U�V�L�V�W�H�Q�W �E�H�F�D�X�V�Hd(v1) = 0 ��d(v3) = 1 �� �D�Q�Gd(v0); d(v2) = 2 �� �$�Q �H�[�D�P�S�O�H
�R�I �D �P�L�Q�L�P�D�O�O�\ �S�H�U�V�L�V�W�H�Q�W �I�R�U�P�D�W�L�R�Q �W�K�D�W �D�G�K�H�U�H�V �W�R �W�K�H �I�L�U�V�W �F�R�Q�G�L�W�L�R�Q �R�I �7�K�H�R�U�H�P���������L�V �)�L�J�X�U�H����
���L�� �Z�L�W�Kd(v) = 1 ; 1; 1; 2 �I�R�Uv0; v1; v2; v3 �U�H�V�S�H�F�W�L�Y�H�O�\�� �2�E�V�H�U�Y�H �W�K�D�W �)�L�J�X�U�H���� ���L�L�� �L�V �S�H�U�V�L�V�W�H�Q�W ���E�\
�7�K�H�R�U�H�P�������� �E�X�W �Q�R�W �P�L�Q�L�P�D�O�O�\ �S�H�U�V�L�V�W�H�Q�W ���D�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H������

�)�L�J�X�U�H ������ �0�L�Q�L�P�D�O�O�\ �S�H�U�V�L�V�W�H�Q�W �Y�V�� �S�H�U�V�L�V�W�H�Q�W�� ���L�� �L�V �P�L�Q�L�P�D�O�O�\ �S�H�U�V�L�V�W�H�Q�W �E�H�F�D�X�V�Hv0��v1��v2 �K�D�Y�H
�R�X�W���G�H�J�U�H�H � �� �D�Q�G �D�O�O �U�H�P�D�L�Q�L�Q�J �Y�H�U�W�L�F�H�V �K�D�Y�H �R�X�W���G�H�J�U�H�H � ���� ���L�L�� �L�V �S�H�U�V�L�V�W�H�Q�W �E�X�W �Q�R�W �P�L�Q�L�P�D�O�O�\
�S�H�U�V�L�V�W�H�Q�W �D�V �V�K�R�Z�Q �E�\ �)�L�J�X�U�H����

������ �3�H�U�V�L�V�W�H�Q�W �/�H�D�G�H�U���)�R�O�O�R�Z�H�U �)�R�U�P�D�W�L�R�Q�V

�,�Q �W�K�L�V �W�K�H�V�L�V�� �Z�H �I�R�F�X�V �R�Q �W�K�H �V�X�E�V�H�W �R�I �P�L�Q�L�P�D�O�O�\ �S�H�U�V�L�V�W�H�Q�W �J�U�D�S�K�V �J�L�Y�H�Q �E�\ �F�R�Q�G�L�W�L�R�Q ������ �R�I
�7�K�H�R�U�H�P���������� �7�K�L�V �V�X�E�V�H�W�� �Z�K�L�F�K �Z�H �U�H�I�H�U �W�R �D�V �S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q�V�� �F�R�Q�W�D�L�Q�V
�W�K�U�H�H �W�\�S�H�V �R�I �Y�H�U�W�L�F�H�V��

�'�H�I�L�Q�L�W�L�R�Q �����������:�H �G�H�I�L�Q�H �W�K�H �W�K�U�H�H �W�\�S�H�V �R�I �Y�H�U�W�L�F�H�V �L�Q �D �S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q��

���� �2�Q�H �Y�H�U�W�H�[ �Z�L�W�K �R�X�W���G�H�J�U�H�H � �� �L�V �F�D�O�O�H�G �W�K�H �O�H�D�G�H�U

���� �2�Q�H �Y�H�U�W�H�[ �Z�L�W�K �R�X�W���G�H�J�U�H�H � �� �L�V �F�D�O�O�H�G �W�K�H �F�R���O�H�D�G�H�U

���� �$�O�O �U�H�P�D�L�Q�L�Q�J �Y�H�U�W�L�F�H�V �Z�L�W�K �R�X�W���G�H�J�U�H�H � �� �D�U�H �F�D�O�O�H�G �W�K�H �I�R�O�O�R�Z�H�U�V

�$�Q �H�[�D�P�S�O�H �R�I �D �S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q �F�D�Q �E�H �V�H�H�Q �L�Q �)�L�J�X�U�H���� ���L�L�� �Z�L�W�K �V�W�D�U�W�L�Q�J
�H�G�J�He01�� �:�H �F�D�O�Ov0 �W�K�H �O�H�D�G�H�U ��d(v0) = 0 ����v1 �W�K�H �F�R���O�H�D�G�H�U ��d(v1) = 1 ���� �D�Q�G �^v2; v3�` �W�K�H �I�R�O�O�R�Z�H�U�V
��d(v2) = 0 ��d(v3) = 0 ���� �)�L�J�X�U�H���� ���L�L�L�� �U�H�S�U�H�V�H�Q�W�V �D �G�L�I�I�H�U�H�Q�W �S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q��
�Z�L�W�K �V�W�D�U�W�L�Q�J �H�G�J�He02�� �W�K�D�W �V�K�D�U�H�V �W�K�H �V�D�P�H �X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �D�V �)�L�J�X�U�H���� ���L�L����

�$�V �D �I�R�U�P�D�W�L�R�Q �P�R�Y�H�V�� �W�K�H �O�H�D�G�H�U �G�L�F�W�D�W�H�V �Z�K�L�F�K �O�R�F�D�W�L�R�Q �W�K�H �I�R�U�P�D�W�L�R�Q �P�X�V�W �P�R�Y�H �W�R �Q�H�[�W�� �7�K�H �F�R��
�O�H�D�G�H�U �L�V �X�V�H�G �W�R �G�H�W�H�U�P�L�Q�H �W�K�H �D�P�R�X�Q�W �D �I�R�U�P�D�W�L�R�Q �V�K�R�X�O�G �U�R�W�D�W�H �G�X�U�L�Q�J �P�R�Y�H�P�H�Q�W�� �,�I �W�K�H �V�W�D�U�W�L�Q�J
�H�G�J�H �U�R�W�D�W�H�V�� �W�K�H �U�H�V�W �R�I �W�K�H �I�R�U�P�D�W�L�R�Q �P�X�V�W �U�R�W�D�W�H �L�Q �R�U�G�H�U �W�R �F�R�Q�W�L�Q�X�H �P�D�L�Q�W�D�L�Q�L�Q�J �W�K�H�L�U �F�R�Q�V�W�U�D�L�Q�W�V��

�:�H �F�K�D�U�D�F�W�H�U�L�]�H �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q�V �X�V�L�Q�J �+�� �F�R�Q�V�W�U�X�F�W�L�R�Q�V �E�H�O�R�Z��



����

�7�K�H�R�U�H�P �����������>�&�R�U�R�O�O�D�U�\ �� �R�I8�@
�$ �P�L�Q�L�P�D�O�O�\ �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �J�U�D�S�K �Z�L�W�KjV j > 1 �D�O�Z�D�\�V �K�D�V �D�Q �D�V�V�R�F�L�D�W�H�G �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U��
�P�D�W�L�R�Q �D�Q�G �F�D�Q �D�O�Z�D�\�V �E�H �R�E�W�D�L�Q�H�G �E�\ �L�Q�G�X�F�W�L�Y�H �F�R�Q�V�W�U�X�F�W�L�R�Q �X�V�L�Q�J �+�� �P�R�Y�H�V�� �>���@

�)�R�U �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �+�� �J�U�D�S�K�V�� �Z�H �X�V�H �W�K�H �F�R�Q�F�H�S�W �R�I�Z�D�Y�H�V�>���@�� �:�H �G�L�Y�L�G�H �W�K�H �V�W�H�S�V �R�I �D �+�H�Q��
�Q�H�E�H�U�J �V�H�T�X�H�Q�F�H �L�Q�W�R �D �V�H�T�X�H�Q�F�H �R�I �Z�D�Y�H�Vwi �V�X�F�K �W�K�D�W �W�K�H �Y�H�U�W�L�F�H�V �L�Q �Z�D�Y�Hwi �R�Q�O�\ �K�D�Y�H �R�X�W�J�R�L�Q�J
�H�G�J�H�V �W�R �Y�H�U�W�L�F�H�V �L�Q �S�U�H�Y�L�R�X�V �Z�D�Y�H�V��f w0; :::; wi � 1g�� �)�R�U �H�[�D�P�S�O�H�� �L�Q �)�L�J�X�U�H������ ���L�L�� �K�D�V �� �Z�D�Y�H�V
(f v0g; f v1g; f v2g; f v3g) �Z�K�H�U�He01 �L�V �R�X�U �V�W�D�U�W�L�Q�J �H�G�J�H��v2 �K�D�V �R�X�W���J�R�L�Q�J �H�G�J�H�V �W�R �^v0��v1�` �L�Q �S�U�H�Y�L��
�R�X�V �Z�D�Y�H�V�� �D�Q�Gv3 �K�D�V �R�X�W���J�R�L�Q�J �H�G�J�H�V �W�R �^v0��v2�` �L�Q �S�U�H�Y�L�R�X�V �Z�D�Y�H�V�� �)�L�J�X�U�H���� ���L�L�L�� �K�D�V �� �Z�D�Y�H�V
(f v0g; f v2g; f v1; v3g)�� �1�R�W�H �W�K�D�W �^v1��v3�` �V�K�D�U�H �W�K�H �V�D�P�H �Z�D�Y�H �E�H�F�D�X�V�H �E�R�W�K �K�D�Y�H �R�X�W�J�R�L�Q�J �H�G�J�H�V
�W�R �^v0��v2�` �L�Q �S�U�H�Y�L�R�X�V �Z�D�Y�H�V��

�*�L�Y�H�Q �W�K�D�W �Z�D�Y�H�Vw0 �D�Q�Gw1 �Z�L�O�O �D�O�Z�D�\�V �E�H �R�F�F�X�S�L�H�G �E�\ �W�K�H �O�H�D�G�H�U �D�Q�G �F�R���O�H�D�G�H�U �U�H�V�S�H�F�W�L�Y�H�O�\�� �Z�H
�G�H�I�L�Q�H �W�K�H�G�L�D�P�H�W�H�U�R�I �D �I�R�U�P�D�W�L�R�Q �W�R �E�H �W�K�H �Q�X�P�E�H�U �R�I �Z�D�Y�H�V �I�R�O�O�R�Z�L�Q�Jw1�� �)�R�U �H�[�D�P�S�O�H�� �L�Q �)�L�J�X�U�H
������ ���L�L�� �K�D�V �G�L�D�P�H�W�H�Ud = 2 �Z�K�L�O�H ���L�L�L�� �K�D�Vd = 1��

�)�L�J�X�U�H ������ �3�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �H�[�D�P�S�O�H�V�� ���L�� �L�V �W�K�H �X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �R�I ���L�L�� �D�Q�G
���L�L�L���� ���L�L�� �L�V �D �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q �Z�L�W�K �O�H�D�G�H�Uv0�� �F�R���O�H�D�G�H�Uv1�� �D�Q�G �I�R�O�O�R�Z�H�U�V
� v̂2; v3�`�� ���L�L�� �K�D�V �I�R�X�U �Z�D�Y�H�V(f v0g; f v1g; f v2g; f v3g)�� �Z�L�W�K �G�L�D�P�H�W�H�Ud = 2�� ���L�L�L�� �L�V �D �S�H�U�V�L�V�W�H�Q�W
�D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q �Z�L�W�K �O�H�D�G�H�Uv0�� �F�R���O�H�D�G�H�Uv2�� �D�Q�G �I�R�O�O�R�Z�H�U�V �^v1; v3�`�� ���L�L�L�� �K�D�V
�W�K�U�H�H �Z�D�Y�H�V(f v0g; f v2g; f v1; v3g) �D�Q�Gd = 1��

�� �$�S�S�U�R�D�F�K

�7�K�H �D�S�S�U�R�D�F�K �W�R �W�K�L�V �W�K�H�V�L�V �L�V �G�L�Y�L�G�H�G �L�Q�W�R �I�R�X�U �V�W�H�S�V�� �J�H�Q�H�U�D�W�L�Q�J �F�R�P�E�L�Q�D�W�R�U�L�F�V�� �D�V�V�R�F�L�D�W�L�Q�J �J�H�R�P��
�H�W�U�\�� �V�L�P�X�O�D�W�L�R�Q�� �D�Q�G �D�Q�D�O�\�V�L�V�� �:�H �Q�R�Z �G�H�V�F�U�L�E�H �W�K�H�V�H �I�R�X�U �V�W�D�J�H�V �L�Q �P�R�U�H �G�H�W�D�L�O��

������ �*�H�Q�H�U�D�W�H �&�R�P�E�L�Q�D�W�R�U�L�F�V

�7�R �J�H�Q�H�U�D�W�H �W�K�H �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V ���G�H�V�F�U�L�E�H�G �L�Q �6�H�F�W�L�R�Q�������� �I�R�U �X�V�H �L�Q �H�[��
�S�H�U�L�P�H�Q�W�� �Z�H �X�V�H �3�U�R�F�H�G�X�U�H���� �3�U�R�F�H�G�X�U�H�� �V�W�D�U�W�V �E�\ �J�H�Q�H�U�D�W�L�Q�J �D�O�O �Q�R�Q���L�V�R�P�R�U�S�K�L�F �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G
�X�Q�G�L�U�H�F�W�H�G �I�U�D�P�H�Z�R�U�N�V �W�K�D�W �F�D�Q �E�H �F�R�Q�V�W�U�X�F�W�H�G �X�V�L�Q�J �R�Q�O�\ �+�� �P�R�Y�H�V�� �R�Qn �Y�H�U�W�L�F�H�V�� �1�H�[�W�� �D�O�O �S�H�U��
�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V �D�U�H �J�H�Q�H�U�D�W�H�G �I�U�R�P �H�D�F�K �Q�R�Q���L�V�R�P�R�U�S�K�L�F �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �X�Q�G�L�U�H�F�W�H�G
�I�U�D�P�H�Z�R�U�N�� �)�L�Q�D�O�O�\�� �D�O�O �F�\�F�O�L�F �D�Q�G �L�V�R�P�R�U�S�K�L�F �S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V �D�U�H �U�H�P�R�Y�H�G �D�Q�G
�Z�H �D�U�H �O�H�I�W �Z�L�W�K �Q�R�Q���L�V�R�P�R�U�S�K�L�F �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V�� �1�R�W�H �W�K�D�W �3�U�R�F�H�G�X�U�H��
�U�H�W�X�U�Q�V �D �O�L�V�W �R�I �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V�� �7�K�L�V �L�V �G�R�Q�H �I�R�U �F�O�D�U�L�W�\ �R�I �S�U�H�V�H�Q�W�D�W�L�R�Q
�K�H�U�H�� �Z�K�H�U�H�D�V �L�Q �W�K�H �D�F�W�X�D�O �V�F�U�L�S�W �Z�H �L�Q�V�W�H�D�G �Z�U�L�W�H �H�D�F�K �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K �W�R



����

�I�L�O�H �L�Q�V�W�H�D�G �R�I �K�R�O�G�L�Q�J �L�Q �P�H�P�R�U�\��

�3�U�R�F�H�G�X�U�H �����3�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K �J�H�Q�H�U�D�W�L�R�Q

�� �,�Q�S�X�W���6�R�P�H �Q�X�P�E�H�U �R�I �Y�H�U�W�L�F�H�V �Q
�� �2�X�W�S�X�W���$�O�O �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V �R�Qn �Y�H�U�W�L�F�H�V
�� �L�In = 4 �W�K�H�Q
�� �J�H�W �D�O�O �F�R�P�E�L�Q�D�W�L�R�Q�V �R�I �� �H�G�J�H�V �W�R �I�L�Q�G �D�O�O �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �I�U�D�P�H�Z�R�U�N�V �R�Q �� �Y�H�U�W�L�F�H�V ��u��
�� �H�O�V�H �L�In > 4 �W�K�H�Q
�� �J�H�Q�H�U�D�W�H �D�O�O �F�R�P�E�L�Q�D�W�L�R�Q�V ��c�� �R�I �� �Y�H�U�W�L�F�H�V �L�Q �U�D�Q�J�H ������n � 1��
�� �I�R�U�H�D�F�K �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �I�U�D�P�H�Z�R�U�N��G�� �R�Qn � 1 �Y�H�U�W�L�F�H�V�G�R
�� �I�R�U�H�D�F�K �F�R�P�E�L�Q�D�W�L�R�Qci 2 c �G�R

���� B � �F�R�S�\��G��
���� �D�G�Gvn� 1 �W�RB �Y�L�D �+�� �P�R�Y�H �W�R �H�[�L�V�W�L�Q�J �Y�H�U�W�L�F�H�V �J�L�Y�H�Q �E�\ci

���� �L�Q�V�H�U�WB �L�Q�W�R �O�L�V�W �R�I �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �I�U�D�P�H�Z�R�U�N�V �R�Qn �Y�H�U�W�L�F�H�V ��u��

�� �I�R�U�H�D�F�KG �L�Qu �G�R
���� �[ � �>�@
���� �L�IG �L�V �Q�R�W �L�V�R�P�R�U�S�K�L�F �W�R �D�Q�\x i 2 x �W�K�H�Q
���� �D�S�S�H�Q�GG �W�R �O�L�V�W �R�I �Q�R�Q���L�V�R�P�R�U�S�K�L�F �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �X�Q�G�L�U�H�F�W�H�G �I�U�D�P�H�Z�R�U�N�V ��x��

���� �] � �>�@
���� �I�R�U�H�D�F�KG �L�Qx �G�R
���� �I�R�Ue 2 G �D�Q�G �W�K�H �U�H�Y�H�U�V�H �R�Ie �G�R
���� B � �F�R�S�\��G��
���� �\ � �>�@

���� �G�H�V�L�J�Q�D�W�He �W�K�H �V�W�D�U�W�L�Q�J �H�G�J�H�� �V�R�X�U�F�H �K�D�V �R�X�W���G�H�J�U�H�H � �� �D�Q�G �V�L�Q�N �K�D�V �R�X�W���G�H�J�U�H�H � ��
���� �L�Q�G�X�F�W�L�Y�H�O�\ �D�V�V�L�J�Q �R�X�W���G�H�J�U�H�H � �� �W�R �H�D�F�K �U�H�P�D�L�Q�L�Q�J �Y�H�U�W�H�[v 2 B

�L�Q�V�H�U�WB �L�Q�W�R �O�L�V�W �R�I �S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V �G�H�U�L�Y�H�G �I�U�R�PG ��y��
���� �I�R�U�H�D�F�KH �L�Qy �G�R
���� �L�IH �L�V �Q�R�W �L�V�R�P�R�U�S�K�L�F �W�R �D�Q�\zi 2 z �D�Q�GH �K�D�V �Q�R �F�\�F�O�H�V�W�K�H�Q
���� �D�S�S�H�Q�GH �W�R �O�L�V�W �R�I �Q�R�Q���L�V�R�P�R�U�S�K�L�F �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V ��z��

���� �U�H�W�X�U�Qz

�7�R �W�K�H �E�H�V�W �R�I �R�X�U �N�Q�R�Z�O�H�G�J�H�� �W�K�H �I�R�O�O�R�Z�L�Q�J �L�V �X�Q�N�Q�R�Z�Q��

�&�R�Q�M�H�F�W�X�U�H ���������)�R�U �H�D�F�K �V�W�D�U�W�L�Q�J �H�G�J�H �R�I �D�Q �+�� �J�U�D�S�K �W�K�H�U�H �L�V �D �X�Q�L�T�X�H �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U��
�I�R�O�O�R�Z�H�U �J�U�D�S�K��

�7�K�H�R�U�H�P ���������,�I �F�R�Q�M�H�F�W�X�U�H������ �K�R�O�G�V�� �W�K�H�Q �3�U�R�F�H�G�X�U�H�� �J�H�Q�H�U�D�W�H�V �D�O�O �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U��
�I�R�O�O�R�Z�H�U �J�U�D�S�K�V �R�Q �Q �Y�H�U�W�L�F�H�V��

�3�U�R�R�I���:�H �V�K�R�Z �W�K�D�W �L�I �&�R�Q�M�H�F�W�X�U�H�������L�V �W�U�X�H�� �D �I�R�U�P�D�W�L�R�Q �L�V �D �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U
�J�U�D�S�K �L�I �D�Q�G �R�Q�O�\ �L�I �3�U�R�F�H�G�X�U�H�� �S�U�R�G�X�F�H�V �L�W��

) �/�H�WH �E�H �V�R�P�H �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K �R�Qn �Y�H�U�W�L�F�H�V�� �1�R�W�H �W�K�D�W �O�L�Q�H�V �� �D�Q�G ��



����

�J�H�Q�H�U�D�W�H �D�O�O �S�R�V�V�L�E�O�H �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �J�U�D�S�K�V �R�Qn �Y�H�U�W�L�F�H�V �W�K�D�W �F�D�Q �E�H �F�R�Q�V�W�U�X�F�W�H�G �X�V�L�Q�J �+�� �P�R�Y�H�V��
�*�L�Y�H�Q �W�K�D�W �D�O�O �S�R�V�V�L�E�O�H �+�� �V�H�T�X�H�Q�F�H�V �D�U�H �J�H�Q�H�U�D�W�H�G �R�Qn �Y�H�U�W�L�F�H�V�� �X�V�L�Q�J �7�K�H�R�U�H�P���������� �3�U�R�F�H�G�X�U�H
�� �P�X�V�W �J�H�Q�H�U�D�W�HH ��

( �/�H�WH = ( V; EH ) �E�H �D �G�L�U�H�F�W�H�G �J�U�D�S�K �J�H�Q�H�U�D�W�H�G �I�U�R�P �3�U�R�F�H�G�X�U�H���� �)�U�R�P �W�K�H�R�U�H�P�V������ �D�Q�G
�������� �Z�H �F�D�Q �V�D�\ �W�K�D�W �W�K�H �+�� �F�R�Q�V�W�U�X�F�W�L�R�Q �R�X�W�O�L�Q�H�G �L�Q �O�L�Q�H�V �� �D�Q�G �� �R�I �W�K�H �S�U�R�F�H�G�X�U�H �L�P�S�O�\ �W�K�D�W �W�K�H
�X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �R�IH �L�V �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G�� �2�E�V�H�U�Y�H �O�L�Q�H�V ���������� �R�I �W�K�H �S�U�R�F�H�G�X�U�H�� �:�H
�V�H�H �E�\ �7�K�H�R�U�H�P���������W�K�D�W �W�K�L�V �L�Q�G�X�F�W�L�Y�H �F�R�Q�V�W�U�X�F�W�L�R�Q �J�L�Y�H�V �D �P�L�Q�L�P�D�O�O�\ �S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U
�J�U�D�S�K�� �$�O�O �F�\�F�O�L�F �S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V �D�U�H �U�H�P�R�Y�H�G �L�Q �O�L�Q�H�V ���������� �R�I �W�K�H �S�U�R�F�H�G�X�U�H��
�7�K�H�U�H�I�R�U�H�� �Z�H �K�D�Y�H �D �U�H�V�X�O�W�L�Q�J �V�H�W �R�I �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V�� �8�V�L�Q�J �&�R�U�R�O�O�D�U�\
���������� �Z�H �F�D�Q �V�D�\ �W�K�D�W �D�O�O �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V �R�Qn �Y�H�U�W�L�F�H�V �D�U�H �J�H�Q�H�U�D�W�H�G �L�Q
�3�U�R�F�H�G�X�U�H����

�)�L�J�X�U�H ������ �Q � �� �*�U�D�S�K �*�H�Q�H�U�D�W�L�R�Q �(�[�D�P�S�O�H

�7�K�H �P�D�M�R�U�L�W�\ �R�I �W�K�H �U�X�Q�Q�L�Q�J �W�L�P�H �I�R�U �W�K�L�V �S�U�R�F�H�G�X�U�H �R�F�F�X�U�V �L�Q �O�L�Q�H�V ���������� �Z�K�H�U�H �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F
�O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V �D�U�H �J�H�Q�H�U�D�W�H�G �J�L�Y�H�Q �V�R�P�H �X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K�� �:�H �R�E�V�H�U�Y�H �W�K�H
�U�X�Q�Q�L�Q�J �W�L�P�H �R�I �W�K�L�V �S�U�R�F�H�G�X�U�H �W�R �E�HO(2njE j2jV j)��

�$�Q �H�[�D�P�S�O�H �R�I �W�K�H �J�U�D�S�K �J�H�Q�H�U�D�W�L�R�Q �G�H�V�F�U�L�E�H�G �L�Q �3�U�R�F�H�G�X�U�H�� �F�D�Q �E�H �V�H�H�Q �L�Q �)�L�J�X�U�H������ �&�R�Q�V�L�G�H�U
�W�K�H �X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �S�U�H�V�H�Q�W �L�Q �V�W�H�S ���� �1�R�W�H �W�K�D�W �D�O�O �S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V
�S�U�H�V�H�Q�W �L�Q �V�W�H�S �� �K�D�Y�H �G�L�I�I�H�U�H�Q�W �V�W�D�U�W�L�Q�J �H�G�J�H�V �E�X�W �V�K�D�U�H �W�K�H �V�D�P�H �X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K�� �7�K�H
�V�W�D�U�W�L�Q�J �H�G�J�H�V �R�I �W�K�H �S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V �L�Q �V�W�H�S �� �D�U�H�!e01;

�!e02;
�!e03 �U�H�V�S�H�F�W�L�Y�H�O�\�� �$�O�O

�S�R�V�V�L�E�O�H �U�H�P�D�L�Q�L�Q�J �V�W�D�U�W�L�Q�J �H�G�J�H�V ���!e12;
�!e13�� �D�U�H �F�R�Q�V�L�G�H�U�H�G �L�Q �J�H�Q�H�U�D�W�L�R�Q�� �E�X�W �Q�R�W �V�K�R�Z�Q �L�Q �)�L�J�X�U�H

������

�7�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K�V �D�Q�G �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V
�J�H�Q�H�U�D�W�H�G �E�\ �3�U�R�F�H�G�X�U�H�� �D�U�H �V�K�R�Z�Q �L�Q �7�D�E�O�H���� �7�K�L�V �W�D�E�O�H �D�O�V�R �V�K�R�Z�V �W�K�H �D�Y�H�U�D�J�H �Q�X�P�E�H�U �R�I
�L�W�H�U�D�W�L�R�Q�V �W�D�N�H�Q �S�H�U �H�[�S�H�U�L�P�H�Q�W �D�Q�G �W�K�H �D�Y�H�U�D�J�H �D�P�R�X�Q�W �R�I �W�L�P�H �W�D�N�H�Q �S�H�U �H�[�S�H�U�L�P�H�Q�W �I�R�U �H�D�F�K
�Y�D�O�X�H �R�In�� �:�H �Z�H�U�H �R�Q�O�\ �D�E�O�H �W�R �U�X�Q �V�L�P�X�O�D�W�L�R�Q�V �W�K�U�R�X�J�Kn = 8 �G�X�H �W�R �W�K�H �O�D�U�J�H �D�P�R�X�Q�W �R�I �W�L�P�H
�U�H�T�X�L�U�H�G �W�R �U�X�Q �D�O�O �V�L�P�X�O�D�W�L�R�Q�V �I�R�Un > 8��



����

�H�U�U�R�U �V�W�D�W�L�V�W�L�F���Q�� �� �� �� ��

�� �R�I �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �X�Q�G�L�U�H�F�W�H�G �I�U�D�P�H�Z�R�U�N�V�� �� ���� ���� ������
�� �R�I �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V�� ���� ���� ������ ��������

�7�R�W�D�O �� �R�I �H�[�S�H�U�L�P�H�Q�W�V�� ���� ������ �������� ����������
�$�Y�H�U�D�J�H �� �R�I �L�W�H�U�D�W�L�R�Q�V �W�D�N�H�Q�������������� �������������� �������������� �������������� ��������������

�$�Y�H�U�D�J�H �D�P�R�X�Q�W �R�I �W�L�P�H �W�D�N�H�Q ���V�H�F�R�Q�G�V������������ ���������� ���������� ������������ ������������

�7�D�E�O�H ���� �7�R�W�D�O �Q�X�P�E�H�U �R�I �P�L�Q�L�P�D�O�O�\ �U�L�J�L�G �X�Q�G�L�U�H�F�W�H�G �I�U�D�P�H�Z�R�U�N�V�� �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U
�J�U�D�S�K�V�� �Q�X�P�E�H�U �R�I �H�[�S�H�U�L�P�H�Q�W�V �S�H�U�I�R�U�P�H�G�� �D�Y�H�U�D�J�H �Q�X�P�E�H�U �R�I �L�W�H�U�D�W�L�R�Q�V �W�D�N�H�Q�� �D�Q�G �D�Y�H�U�D�J�H �D�P�R�X�Q�W
�R�I �W�L�P�H �W�D�N�H�Q �I�R�U �H�D�F�K �Y�D�O�X�H �R�In��

������ �$�V�V�R�F�L�D�W�H �*�H�R�P�H�W�U�\

�,�Q �R�U�G�H�U �W�R �G�H�I�L�Q�H �V�W�D�U�W�L�Q�J �S�R�V�L�W�L�R�Q�V �L�Q �V�L�P�X�O�D�W�L�R�Q �I�R�U �H�D�F�K �U�R�E�R�W �L�Q �D �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U��
�I�R�O�O�R�Z�H�U �J�U�D�S�K�� �Z�H �P�X�V�W �D�V�V�L�J�Q �H�P�E�H�G�G�L�Q�J�V �W�R �W�K�H �J�U�D�S�K�V �R�X�W�S�X�W�W�H�G �E�\ �3�U�R�F�H�G�X�U�H����

�)�R�U �H�D�F�K �Y�D�O�X�H �R�In �Z�H �J�H�Q�H�U�D�W�H �W�K�U�H�H �U�D�Q�G�R�P �H�P�E�H�G�G�L�Q�J�V �L�Q �W�K�H �S�O�D�Q�H�� �7�K�H�Q�� �I�R�U �H�D�F�K �S�H�U�V�L�V�W�H�Q�W
�D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�KH �L�Q �W�K�H �R�X�W�S�X�W �R�I �3�U�R�F�H�G�X�U�H���� �Z�H �D�V�V�L�J�Q �H�D�F�K �R�I �W�K�U�H�H �U�D�Q�G�R�P
�H�P�E�H�G�G�L�Q�J�V�� �7�K�H �I�U�D�P�H �V�L�]�H �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �W�K�H �5�R�E�R�W�D�U�L�X�P �V�L�P�X�O�D�W�R�U �L�V �D1 � 1:5 �I�U�D�P�H�� �:�L�W�K�L�Q
�W�K�L�V �I�U�D�P�H�� �H�D�F�Kv 2 H �L�V �U�D�Q�G�R�P�O�\ �D�V�V�L�J�Q�H�G �D�Q(x; y) �F�R�R�U�G�L�Q�D�W�H �Z�L�W�K�L�Q �D�Qx �U�D�Q�J�H �R�I �>���������� �������@
�D�Q�G �Dy �U�D�Q�J�H �R�I �>�������� �������@�� �7�K�H �O�H�D�G�H�U �D�Q�G �F�R���O�H�D�G�H�U �R�I �H�D�F�K �J�U�D�S�K �D�U�H �D�V�V�L�J�Q�H�G �W�R �F�R�R�U�G�L�Q�D�W�H�V
������ �������� �D�Q�G ������ �������� �U�H�V�S�H�F�W�L�Y�H�O�\�� �7�K�H(x; y) �F�R�R�U�G�L�Q�D�W�H �R�I �W�K�H �O�H�D�G�H�U �L�V �V�O�L�J�K�W�O�\ �D�K�H�D�G �R�I �D�O�O �R�W�K�H�U
�U�R�E�R�W�V �L�Q �W�K�H �I�R�U�P�D�W�L�R�Q �L�Q �R�U�G�H�U �W�R �U�H�G�X�F�H �F�R�O�O�L�V�L�R�Q�V�� �:�H �I�L�[ �W�K�H(x; y) �F�R�R�U�G�L�Q�D�W�H �R�I �W�K�H �F�R���O�H�D�G�H�U
�D�F�U�R�V�V �H�P�E�H�G�G�L�Q�J�V �L�Q �R�U�G�H�U �W�R �U�H�P�R�Y�H �D�Q�\ �S�R�V�V�L�E�O�H �L�P�S�D�F�W �W�K�D�W �W�K�H �F�R���O�H�D�G�H�U�V �S�R�V�L�W�L�R�Q �P�D�\ �K�D�Y�H
�R�Q �I�R�U�P�D�W�L�R�Q �D�F�F�X�U�D�F�\ �L�Q �P�R�Y�H�P�H�Q�W�� �2�E�V�H�U�Y�H �W�K�H �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K �J�L�Y�H�Q �L�Q
�)�L�J�X�U�H������ �:�H �V�H�H �W�K�D�W �W�K�L�V �J�U�D�S�K �L�V �J�H�Q�H�U�D�W�H�G �Y�L�D �W�K�H �S�U�R�F�H�V�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H������ �,�Q �)�L�J�X�U�H������
�Q�R�W�H �W�K�D�W �W�K�H�U�H �D�U�H �W�K�U�H�H �G�L�I�I�H�U�H�Q�W �H�P�E�H�G�G�L�Q�J�V �L�Q �W�K�H �S�O�D�Q�H�� �$�O�O �W�K�U�H�H �H�P�E�H�G�G�L�Q�J�V �V�W�H�P �I�U�R�P �W�K�H
�V�D�P�H �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U �I�R�O�O�R�Z�H�U �J�U�D�S�K ���)�L�J�X�U�H�������� �E�X�W �H�D�F�K �I�R�O�O�R�Z�H�U �K�D�V �W�K�U�H�H �X�Q�L�T�X�H(x; y)
�F�R�R�U�G�L�Q�D�W�H�V �D�F�U�R�V�V �� �X�Q�L�T�X�H �U�D�Q�G�R�P �H�P�E�H�G�G�L�Q�J�V��

�)�L�J�X�U�H ������ �3�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K �R�Qn = 4 �Y�H�U�W�L�F�H�V

�(�D�F�K �R�I �W�K�H �� �U�D�Q�G�R�P �H�P�E�H�G�G�L�Q�J�V �J�H�Q�H�U�D�W�H�G �I�R�U �H�D�F�K �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K �R�X�W��
�S�X�W�W�H�G �E�\ �3�U�R�F�H�G�X�U�H�� �D�U�H �X�V�H�G �L�Q �V�L�P�X�O�D�W�L�R�Q��

�� �(�[�S�H�U�L�P�H�Q�W�V

�)�R�U �W�K�L�V �W�K�H�V�L�V�� �Z�H �D�U�H �X�V�L�Q�J �W�K�H �5�R�E�R�W�D�U�L�X�P �S�O�D�W�I�R�U�P �I�U�R�P �*�H�R�U�J�L�D �7�H�F�K �>�����@�� �,�W �L�Q�F�O�X�G�H�V �D �V�L�P�X��
�O�D�W�R�U �D�O�O�R�Z�V �X�V �W�R �V�L�P�X�O�D�W�H �U�R�E�R�W �V�Z�D�U�P�V �Y�L�U�W�X�D�O�O�\ �Z�K�L�F�K �F�D�Q �W�K�H�Q �E�H �U�H�P�R�W�H�O�\ �D�S�S�O�L�H�G �W�R �U�H�D�O �U�R�E�R�W�V
�D�W �*�H�R�U�J�L�D �7�H�F�K�� �,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �G�H�W�D�L�O �W�K�H �V�H�W�X�S �D�Q�G �G�H�W�D�L�O�V �R�I �H�D�F�K �H�[�S�H�U�L�P�H�Q�W��



����

�)�L�J�X�U�H ������ �7�K�U�H�H �U�D�Q�G�R�P �H�P�E�H�G�G�L�Q�J�V �I�R�Un = 4 �D�S�S�O�L�H�G �W�R �I�L�J�X�U�H������ �6�H�H �W�D�E�O�H�� �I�R�U �D�V�V�R�F�L�D�W�H�G
(x; y) �F�R�R�U�G�L�Q�D�W�H�V��

�7�R �V�W�D�U�W �W�K�H �H�[�S�H�U�L�P�H�Q�W�� �Z�H �V�H�W �G�H�V�W�L�Q�D�W�L�R�Q �S�R�L�Q�W�V �D�O�R�Q�J �D �F�L�U�F�X�O�D�U �S�D�W�K �W�K�D�W �G�L�F�W�D�W�H �Z�K�H�U�H �W�K�H �I�R�U�P�D��
�W�L�R�Q �V�K�R�X�O�G �P�R�Y�H �Q�H�[�W�� �7�K�H �F�L�U�F�O�H �V�K�D�S�H �Z�D�V �F�K�R�V�H�Q �E�D�V�H�G �R�Q �R�W�K�H�U �U�H�O�D�W�H�G �Z�R�U�N�V �>���������@�� �$�I�W�H�U �W�K�H
�F�L�U�F�X�O�D�U �S�D�W�K �L�V �J�L�Y�H�Q�� �Z�H �U�H�O�\ �R�Q �W�K�H �5�R�E�R�W�D�U�L�X�P �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �V�F�U�L�S�W �I�R�U �R�X�U �H�[�S�H�U�L�P�H�Q�W �>�����@��
�7�K�H �V�H�W�X�S �J�L�Y�H�Q �E�\ �5�R�E�R�W�D�U�L�X�P �L�V �D�V �I�R�O�O�R�Z�V�� �7�K�H �5�R�E�R�W�D�U�L�X�P �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �F�R�G�H �F�D�O�F�X�O�D�W�H�V �W�K�H
�G�L�V�W�D�Q�F�H �R�I �H�D�F�K �Q�R�Q���O�H�D�G�H�U �U�R�E�R�W �W�R �W�K�H�L�U �Q�H�L�J�K�E�R�U�V�� �7�K�H�V�H �G�L�V�W�D�Q�F�H�V �D�U�H �W�K�H�Q �X�V�H�G �W�R �F�D�O�F�X�O�D�W�H �W�K�H
�G�H�V�L�U�H�G �Y�H�O�R�F�L�W�\ �R�I �H�D�F�K �U�R�E�R�W �I�R�U �W�K�H �Q�H�[�W �L�W�H�U�D�W�L�R�Q�� �7�R �F�K�H�F�N �W�R �V�H�H �L�I �W�K�H �O�H�D�G�H�U �K�D�V �U�H�D�F�K�H�G �W�K�H
�Q�H�[�W �G�H�V�W�L�Q�D�W�L�R�Q �S�R�L�Q�W �L�Q �W�K�H �F�L�U�F�O�H�� �W�K�H �G�L�V�W�D�Q�F�H �I�U�R�P �W�K�H �O�H�D�G�H�U�V �S�R�V�L�W�L�R�Q �W�R �W�K�H �G�H�V�W�L�Q�D�W�L�R�Q �S�R�L�Q�W
�L�V �P�H�D�V�X�U�H�G�� �,�I �W�K�H �G�L�V�W�D�Q�F�H �L�V �O�H�V�V �W�K�D�W ���������� �W�K�H�Q �W�K�H �O�H�D�G�H�U �L�V �G�H�H�P�H�G �F�O�R�V�H �H�Q�R�X�J�K �D�Q�G �W�K�H �Q�H�[�W
�G�H�V�W�L�Q�D�W�L�R�Q �S�R�L�Q�W �L�V �J�L�Y�H�Q �W�R �W�K�H �O�H�D�G�H�U��

�'�X�U�L�Q�J �H�D�F�K �H�[�S�H�U�L�P�H�Q�W�� �Z�H �U�X�Q �D �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D�W�L�R�Q �L�Q �O�H�D�G�H�U���I�R�O�O�R�Z�H�U
�P�R�Y�H�P�H�Q�W�� �)�R�U �H�[�D�P�S�O�H�� �Z�H �U�X�Q �H�D�F�K �R�I �W�K�H �W�K�U�H�H �I�R�U�P�D�W�L�R�Q�V �S�U�H�V�H�Q�W �L�Q �)�L�J�X�U�H���� �L�Q�G�L�Y�L�G�X�D�O�O�\
�L�Q �H�[�S�H�U�L�P�H�Q�W�� �7�D�E�O�H�� �G�L�V�S�O�D�\�V �W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �H�[�S�H�U�L�P�H�Q�W�V �U�X�Q �I�R�U �H�D�F�K �Y�D�O�X�H �R�In�� �(�D�F�K
�S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K �K�D�V �W�K�U�H�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �V�L�P�X�O�D�W�L�R�Q�V ���I�R�U �H�D�F�K �R�I �W�K�U�H�H �H�P��
�E�H�G�G�L�Q�J�V���� �)�L�J�X�U�H���� �S�L�F�W�X�U�H�V �W�K�H �V�W�D�U�W �R�I �H�[�S�H�U�L�P�H�Q�W �I�R�U �H�D�F�K �R�I �W�K�H �W�K�U�H�H �H�P�E�H�G�G�L�Q�J�V �S�U�H�V�H�Q�W
�L�Q �)�L�J�X�U�H������ �(�D�F�K �R�I �W�K�H�V�H �I�R�U�P�D�W�L�R�Q�V �W�K�H�Q �F�R�P�S�O�H�W�H �D �F�L�U�F�X�O�D�U �S�D�W�K�Z�D�\ �D�V �V�H�H�Q �L�Q �)�L�J�X�U�H������
�7�K�H �U�H�F�W�D�Q�J�X�O�D�U �U�H�J�L�R�Q �L�Q �)�L�J�X�U�H���� �U�H�S�U�H�V�H�Q�W�V �W�K�H �U�H�J�L�R�Q �L�Q �Z�K�L�F�K �D�O�O �H�P�E�H�G�G�L�Q�J�V �D�U�H �U�D�Q�G�R�P�O�\
�J�H�Q�H�U�D�W�H�G�� �7�K�H �O�H�D�G�H�U �W�K�H�Q �P�R�Y�H�V �W�R �D �V�W�D�U�W�L�Q�J �S�O�D�F�H �R�Q �W�K�H �F�L�U�F�O�H ���E�O�X�H �S�R�L�Q�W�� �D�Q�G �W�K�H�Q �P�R�Y�H�V
�F�R�X�Q�W�H�U�F�O�R�F�N�Z�L�V�H �D�O�R�Q�J �W�K�H �U�H�G �F�L�U�F�O�H�� �7�K�H �F�L�U�F�O�H �D�O�V�R �D�O�O�R�Z�V �X�V �W�R �W�H�V�W �K�R�Z �D�F�F�X�U�D�W�H�O�\ �W�K�H �V�K�D�S�H �L�V
�P�D�L�Q�W�D�L�Q�H�G �Z�K�L�O�H �W�K�H �I�R�U�P�D�W�L�R�Q �L�V �W�X�U�Q�L�Q�J��

�'�X�U�L�Q�J �W�K�H �H�[�S�H�U�L�P�H�Q�W�� �Z�H �U�H�F�R�U�G �W�K�H �S�R�V�L�W�L�R�Q�L�Q�J �R�I �W�K�H �U�R�E�R�W�V �D�Q�G �D�O�O
� n

2

�
�S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�V �D�W

�H�D�F�K �L�W�H�U�D�W�L�R�Q�� �1�R�W�H �W�K�D�W �Z�H �U�H�F�R�U�G �H�G�J�H �D�Q�G �Q�R�Q���H�G�J�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�V�� �:�H �D�O�V�R �W�D�N�H �Q�R�W�H �R�I �W�K�H
�Q�X�P�E�H�U �R�I �L�W�H�U�D�W�L�R�Q�V �W�D�N�H�Q �I�R�U �H�D�F�K �I�R�U�P�D�W�L�R�Q �W�R �F�R�P�S�O�H�W�H �W�K�H �I�X�O�O �F�L�U�F�O�H��

�)�L�J�X�U�H ������ �6�W�D�U�W �R�I �V�L�P�X�O�D�W�L�R�Q �I�R�U �H�D�F�K �H�P�E�H�G�G�L�Q�J �V�K�R�Z�Q �L�Q �I�L�J�X�U�H������



����

�)�L�J�X�U�H ������ �&�L�U�F�X�O�D�U �S�D�W�K �W�K�D�W �U�R�E�R�W�V �I�R�O�O�R�Z �G�X�U�L�Q�J �H�[�S�H�U�L�P�H�Q�W��

�,�Q �R�U�G�H�U �W�R �Y�D�O�L�G�D�W�H �R�X�U �S�\�W�K�R�Q �H�[�S�H�U�L�P�H�Q�W�V �R�Q �K�D�U�G�Z�D�U�H�� �Z�H �W�R�R�N �W�Z�R �Y�D�O�L�G �S�\�W�K�R�Q �H�[�S�H�U�L�P�H�Q�W�V
�I�U�R�Pn = 8 �D�Q�G �V�X�E�P�L�W�W�H�G �W�K�H�P �W�R �5�R�E�R�W�D�U�L�X�P �Z�K�H�U�H �W�K�H�\ �Z�H�U�H �U�X�Q �R�Q �U�H�D�O �U�R�E�R�W�V�� �:�H �F�K�R�V�H �W�R
�X�V�Hn = 8 �E�H�F�D�X�V�H �W�K�H�U�H �L�V �P�R�U�H �Y�D�U�L�H�W�\ �L�Q �W�K�H �G�L�D�P�H�W�H�U �R�I �D �I�R�U�P�D�W�L�R�Q �W�K�D�Q �I�R�U �V�P�D�O�O�H�U �Y�D�O�X�H�V �R�I
n�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �X�V�L�Q�J �D �O�D�U�J�H�U �Y�D�O�X�H �R�In �D�O�O�R�Z�V �X�V �W�R �R�E�V�H�U�Y�H �P�R�U�H �Y�D�U�L�D�E�L�O�L�W�\ �W�K�U�R�X�J�K �F�R�O�O�L�V�L�R�Q��

�7�R �U�H�G�X�F�H �W�K�H �Q�X�P�E�H�U �R�I �Y�D�U�L�D�E�O�H�V �W�K�D�W �P�L�J�K�W �D�I�I�H�F�W �S�H�U�I�R�U�P�D�Q�F�H �Z�H �F�K�R�V�H �W�Z�R �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F
�O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V �W�K�D�W �V�K�D�U�H�G �W�K�H �V�D�P�H �X�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K ���)�L�J�X�U�H������ �D�Q�G �H�P�E�H�G��
�G�L�Q�J�� �)�L�J�X�U�H���� �V�K�R�Z�V �W�K�H �I�R�U�P�D�W�L�R�Q�V �R�I �W�K�H �W�Z�R �H�[�S�H�U�L�P�H�Q�W�V �V�X�E�P�L�W�W�H�G �W�R �5�R�E�R�W�D�U�L�X�P�� �7�K�H �I�R�U�P�D��
�W�L�R�Q �R�Q �W�K�H �O�H�I�W �K�D�V �V�W�D�U�W�L�Q�J �H�G�J�He02 �Z�L�W�K �G�L�D�P�H�W�H�U � ���� �D�Q�G �W�K�H �I�R�U�P�D�W�L�R�Q �R�Q �W�K�H �U�L�J�K�W �K�D�V �V�W�D�U�W�L�Q�J
�H�G�J�He30 �Z�L�W�K �G�L�D�P�H�W�H�U � ���� �:�H �F�K�R�V�H �W�K�H�V�H �V�W�D�U�W�L�Q�J �H�G�J�H�V �E�H�F�D�X�V�H �W�K�H�L�U �G�L�I�I�H�U�H�Q�F�H �L�Q �G�L�D�P�H�W�H�U
�D�O�O�R�Z�H�G �X�V �W�R �Q�R�W�H �D�Q�\ �S�U�H�O�L�P�L�Q�D�U�\ �S�D�W�W�H�U�Q �E�H�W�Z�H�H�Q �G�L�D�P�H�W�H�U �D�Q�G �K�D�U�G�Z�D�U�H �H�[�S�H�U�L�P�H�Q�W�V�� �:�H �F�R�O��
�O�H�F�W�H�G �W�K�H �V�D�P�H �G�D�W�D �D�Q�G �F�D�O�F�X�O�D�W�H�G �W�K�H �V�D�P�H �H�U�U�R�U �V�W�D�W�L�V�W�L�F�V �D�W �H�D�F�K �L�W�H�U�D�W�L�R�Q��

�)�L�J�X�U�H ������ �8�Q�G�H�U�O�\�L�Q�J �X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �R�I �W�K�H �I�R�U�P�D�W�L�R�Q�V �V�X�E�P�L�W�W�H�G �W�R �5�R�E�R�W�D�U�L�X�P �I�R�U �K�D�U�G�Z�D�U�H
�H�[�S�H�U�L�P�H�Q�W�V�� �%�R�W�K �I�R�U�P�D�W�L�R�Q�V �F�D�Q �E�H �V�H�H�Q �L�Q �)�L�J�X�U�H������

�'�X�H �W�R �D�Q �X�S�J�U�D�G�H �L�Q �5�R�E�R�W�D�U�L�X�P �V�R�I�W�Z�D�U�H�� �L�W �Z�D�V �Q�R�W �S�R�V�V�L�E�O�H �W�R �V�W�D�U�W �W�K�H �U�R�E�R�W�V �D�W �W�K�H �H�[�D�F�W �V�W�D�U�W�L�Q�J
�S�R�V�L�W�L�R�Q�V�� �7�R �D�G�M�X�V�W�� �Z�H �L�Q�V�W�D�Q�W�L�D�W�H �D �F�R�Q�W�U�R�O�O�H�U �S�U�L�R�U �W�R �W�K�H �F�L�U�F�X�O�D�U �P�R�Y�H�P�H�Q�W �W�K�D�W �P�R�Y�H�G �U�R�E�R�W�V
�Z�L�W�K�L�Q� 0:18�F�P �R�I �W�K�H�L�U �V�W�D�U�W�L�Q�J �S�R�V�L�W�L�R�Q�V�� �1�R�W�H �W�K�D�W �W�K�H �U�R�E�R�W �V�L�]�H �L�Q �5�R�E�R�W�D�U�L�X�P �L�V �D�E�R�X�W0:06�F�P
�P�H�D�Q�L�Q�J �W�K�D�W �W�K�H�L�U �L�Q�D�E�L�O�L�W�\ �W�R �U�H�D�F�K �W�K�H�L�U �H�[�D�F�W �S�R�V�L�W�L�R�Q�V �L�V �G�X�H �W�R �F�R�O�O�L�V�L�R�Q �Z�L�W�K �R�W�K�H�U �U�R�E�R�W�V�� �:�K�H�Q
�W�K�H �U�R�E�R�W�V �F�R�O�O�L�G�H �W�K�H�\ �P�D�\ �E�H �X�Q�D�E�O�H �W�R �D�G�M�X�V�W �D�Q�G �D�Q�G �U�H�D�F�K �W�K�H �G�H�V�L�U�H�G �V�W�D�U�W�L�Q�J �S�O�D�F�H�� �,�Q�V�W�H�D�G
�W�K�H�\ �Z�R�X�O�G �U�H�P�D�L�Q �V�W�X�F�N �E�H�K�L�Q�G �W�K�H �U�R�E�R�W�V �W�K�H�\ �F�R�O�O�L�G�H�G �Z�L�W�K��

�)�L�J�X�U�H���� �V�K�R�Z�V �W�K�H �V�W�D�U�W �R�I �W�K�H �S�\�W�K�R�Q �V�L�P�X�O�D�W�L�R�Q �Q�H�[�W �W�R �W�K�H �V�W�D�U�W �R�I �W�K�H �K�D�U�G�Z�D�U�H �V�L�P�X�O�D�W�L�R�Q �I�R�U �W�K�H



����

�)�L�J�X�U�H ������ �%�R�W�K �I�R�U�P�D�W�L�R�Q�V �V�X�E�P�L�W�W�H�G �W�R �5�R�E�R�W�D�U�L�X�P �I�R�U �K�D�U�G�Z�D�U�H �H�[�S�H�U�L�P�H�Q�W�V�� �)�R�U�P�D�W�L�R�Q �R�Q �W�K�H
�O�H�I�W �K�D�V �V�W�D�U�W�L�Q�J �H�G�J�He02 �D�Q�G �G�L�D�P�H�W�H�U � ���� �)�R�U�P�D�W�L�R�Q �R�Q �W�K�H �U�L�J�K�W �K�D�V �V�W�D�U�W�L�Q�J �H�G�J�He30 �D�Q�G �G�L�D�P�H�W�H�U
� ����

�V�D�P�H �I�R�U�P�D�W�L�R�Q�� �1�R�W�H �W�K�D�W �W�K�H �V�W�D�U�W�L�Q�J �S�R�V�L�W�L�R�Q�V �D�U�H �V�L�P�L�O�D�U �I�R�U �E�R�W�K �V�L�P�X�O�D�W�L�R�Q�V�� �%�R�W�K �W�K�H �S�\�W�K�R�Q
�D�Q�G �K�D�U�G�Z�D�U�H �V�L�P�X�O�D�W�L�R�Q�V �D�U�H �X�V�H�I�X�O �W�R �K�H�O�S �G�H�W�H�U�P�L�Q�H �K�R�Z �Z�H�O�O �V�K�D�S�H �L�V �P�D�L�Q�W�D�L�Q�H�G �W�K�U�R�X�J�K�R�X�W
�P�R�Y�H�P�H�Q�W��

�)�L�J�X�U�H ������ �3�\�W�K�R�Q �Y�V �K�D�U�G�Z�D�U�H �V�W�D�U�W�L�Q�J �S�R�V�L�W�L�R�Q�V�� �3�K�R�W�R �R�Q �W�K�H �O�H�I�W �V�K�R�Z�V �V�W�D�U�W�L�Q�J �S�R�V�L�W�L�R�Q�V �R�I
�U�R�E�R�W�V �L�Q �S�\�W�K�R�Q �H�[�S�H�U�L�P�H�Q�W�� �3�K�R�W�R �R�Q �W�K�H �U�L�J�K�W �V�K�R�Z�V �V�W�D�U�W�L�Q�J �S�R�V�L�W�L�R�Q�V �R�I �U�R�E�R�W�V �L�Q �K�D�U�G�Z�D�U�H
�H�[�S�H�U�L�P�H�Q�W�� �%�R�W�K �S�K�R�W�R�V �F�R�U�U�H�V�S�R�Q�G �W�R �W�K�H �V�D�P�Hn = 8 �H�[�S�H�U�L�P�H�Q�W��

�� �$�Q�D�O�\�V�L�V

�$�I�W�H�U �D�O�O �R�X�U �H�[�S�H�U�L�P�H�Q�W�V �Z�H�U�H �U�X�Q�� �Z�H �G�L�Y�L�G�H�G �W�K�H �H�[�S�H�U�L�P�H�Q�W�V �L�Q�W�R �W�Z�R �J�U�R�X�S�V�� �2�Q�H �J�U�R�X�S ���L�Q�F�R�P��
�S�O�H�W�H �H�[�S�H�U�L�P�H�Q�W�V�� �U�H�S�U�H�V�H�Q�W�H�G �H�[�S�H�U�L�P�H�Q�W�V �L�Q �Z�K�L�F�K �W�K�H �I�R�U�P�D�W�L�R�Q �Z�D�V �Q�R�W �D�E�O�H �W�R �F�R�P�S�O�H�W�H �W�K�H
�I�X�O�O �F�L�U�F�O�H �S�D�W�K�� �7�K�H �S�H�U�F�H�Q�W �R�I �L�Q�F�R�P�S�O�H�W�H �H�[�S�H�U�L�P�H�Q�W�V �L�Q�F�U�H�D�V�H�G �D�Vn �L�Q�F�U�H�D�V�H�G �G�X�H �W�R �D�Q �L�Q�F�U�H�D�V�H
�L�Q �F�R�O�O�L�V�L�R�Q�� �)�R�U �O�D�U�J�H�U �Y�D�O�X�H�V �R�In�� �W�K�H�U�H �D�U�H �P�R�U�H �F�R�O�O�L�V�L�R�Q�V �D�Q�G �L�I �U�R�E�R�W�V �D�U�H �X�Q�D�E�O�H �W�R �D�G�M�X�V�W �D�Q�G
�P�R�Y�H �S�D�V�W �W�K�H �F�R�O�O�L�V�L�R�Q �W�K�H�Q �W�K�H�\ �D�U�H �X�Q�D�E�O�H �W�R �F�R�P�S�O�H�W�H �W�K�H �F�L�U�F�O�H �S�D�W�K�� �7�K�H �V�H�F�R�Q�G �J�U�R�X�S ���Y�D�O�L�G
�H�[�S�H�U�L�P�H�Q�W�V�� �U�H�S�U�H�V�H�Q�W�V �H�[�S�H�U�L�P�H�Q�W�V �L�Q �Z�K�L�F�K �W�K�H �I�R�U�P�D�W�L�R�Q �L�V �D�E�O�H �W�R �F�R�P�S�O�H�W�H �W�K�H �I�X�O�O �F�L�U�F�O�H �S�D�W�K��
�)�R�U �H�D�F�K �Y�D�O�L�G �H�[�S�H�U�L�P�H�Q�W�� �Z�H �F�D�O�F�X�O�D�W�H�G �H�U�U�R�U �V�W�D�W�L�V�W�L�F�V �D�Q�G �U�D�Q�N �W�K�H�P �E�\ �K�R�Z �W�K�H�\ �S�H�U�I�R�U�P�H�G��



����

�1�R�W�H �W�K�D�W �H�D�F�K �H�U�U�R�U �V�W�D�W�L�V�W�L�F �L�V �D�Y�H�U�D�J�H�G �R�Y�H�U �W�K�H �Q�X�P�E�H�U �R�I �L�W�H�U�D�W�L�R�Q�V �W�D�N�H�Q �I�R�U �H�D�F�K �I�R�U�P�D�W�L�R�Q �W�R
�F�R�P�S�O�H�W�H �W�K�H �I�X�O�O �F�L�U�F�O�H �S�D�W�K��

�$�I�W�H�U �D�O�O �R�I �H�U�U�R�U �V�W�D�W�L�V�W�L�F�V �D�U�H �F�D�O�F�X�O�D�W�H�G�� �H�D�F�K �H�[�S�H�U�L�P�H�Q�W �K�D�V �I�R�X�U �D�V�V�R�F�L�D�W�H�G �H�U�U�R�U �V�W�D�W�L�V�W�L�F�V��

���� �5�0�6�' �R�I �D�Y�H�U�D�J�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�V �R�Y�H�U �D�O�O �L�W�H�U�D�W�L�R�Q�V ��RMSD dist ��

���� �3�H�U�F�H�Q�W �H�U�U�R�U �R�I �D�Y�H�U�D�J�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�V �R�Y�H�U �D�O�O �L�W�H�U�D�W�L�R�Q�V ��Error dist ��

���� �5�0�6�' �R�I �W�K�H �S�H�U�F�H�Q�W �H�U�U�R�U �R�I �H�D�F�K �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H �R�Y�H�U �D�O�O �L�W�H�U�D�W�L�R�Q�V ��RMSD error ��

���� �5�0�6�' �R�I �W�K�H �D�Y�H�U�D�J�H �G�L�V�W�D�Q�F�H �U�R�E�R�W�V �Z�H�U�H �I�U�R�P �W�K�H�L�U �G�H�V�L�U�H�G �S�R�V�L�W�L�R�Q�V �R�Y�H�U �D�O�O �L�W�H�U�D�W�L�R�Q�V
��RMSD pos��

�(�D�F�K �R�I �W�K�H�V�H �H�U�U�R�U �V�W�D�W�L�V�W�L�F�V �Z�L�O�O �E�H �G�H�V�F�U�L�E�H�G �L�Q �P�R�U�H �G�H�W�D�L�O �E�H�O�R�Z��

�7�K�H �I�L�U�V�W �H�U�U�R�U �V�W�D�W�L�V�W�L�F ��RMSD dist �� �Z�H �F�D�O�F�X�O�D�W�H �L�V �W�K�H �U�R�R�W���P�H�D�Q���V�T�X�D�U�H �G�H�Y�L�D�W�L�R�Q ���5�0�6�'�� �R�I �H�D�F�K
�D�Y�H�U�D�J�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�� �:�H �I�L�U�V�W �F�D�O�F�X�O�D�W�H �W�K�H �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �H�D�F�K �P�H�D�V�X�U�H�G �D�Q�G �G�H�V�L�U�H�G
�S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�� �:�H �W�K�H�Q �V�T�X�D�U�H �W�K�H�V�H �G�L�I�I�H�U�H�Q�F�H�V �D�Q�G �D�G�G �W�K�H�P �W�R�J�H�W�K�H�U �I�R�U �H�D�F�K �L�W�H�U�D�W�L�R�Q�� �:�H
�W�K�H�Q �F�D�O�F�X�O�D�W�H �W�K�H �5�0�6�' �Y�D�O�X�H �R�I �H�D�F�K �R�I �W�K�H �D�Y�H�U�D�J�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H �D�Q�G �D�Y�H�U�D�J�H�G �D�O�O �U�H�V�X�O�W�L�Q�J
�5�0�6�' �Y�D�O�X�H�V�� �7�K�L�V �V�W�D�W�L�V�W�L�F �K�H�O�S�V �X�V �D�Q�D�O�\�]�H �K�R�Z �F�O�R�V�H �H�D�F�K �D�Y�H�U�D�J�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H �L�V �W�R �W�K�H
�G�H�V�L�U�H�G �G�L�V�W�D�Q�F�H�� �(�D�F�K �Y�D�O�L�G �H�[�S�H�U�L�P�H�Q�W �K�D�V �R�Q�H �D�Y�H�U�D�J�H �5�0�6�' �Y�D�O�X�H �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �D�F�F�X�U�D�F�\
�R�I �G�L�V�W�D�Q�W �F�R�Q�V�W�U�D�L�Q�W �P�D�L�Q�W�H�Q�D�Q�F�H��

�7�K�H �V�H�F�R�Q�G �H�U�U�R�U �V�W�D�W�L�V�W�L�F ��Error dist �� �L�V �W�K�H �S�H�U�F�H�Q�W �H�U�U�R�U �R�I �W�K�H �V�D�P�H �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�V �G�H�V�F�U�L�E�H�G
�H�D�U�O�L�H�U�� �:�H �I�L�U�V�W �F�D�O�F�X�O�D�W�H �W�K�H �D�E�V�R�O�X�W�H �Y�D�O�X�H �R�I �W�K�H �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �H�D�F�K �P�H�D�V�X�U�H�G �D�Q�G �G�H�V�L�U�H�G
�S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�� �:�H �W�K�H�Q �G�L�Y�L�G�H �W�K�D�W �Y�D�O�X�H �E�\ �W�K�H �G�H�V�L�U�H�G �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�� �:�H �V�X�P �W�K�L�V �Y�D�O�X�H
�D�W �H�D�F�K �L�W�H�U�D�W�L�R�Q �D�Q�G �W�K�H�Q �D�Y�H�U�D�J�H �D�W �W�K�H �H�Q�G �R�I �W�K�H �H�[�S�H�U�L�P�H�Q�W�� �)�L�Q�D�O�O�\�� �Z�H �P�X�O�W�L�S�O�\ �W�K�H �D�Y�H�U�D�J�H
�E�\ ������ �W�R �J�H�W �D �S�H�U�F�H�Q�W �H�U�U�R�U �Y�D�O�X�H �I�R�U �H�D�F�K �R�I

� n
2

�
�S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�V�� �:�H �W�K�H�Q �D�Y�H�U�D�J�H �D�O�O �V�X�F�K

�S�H�U�F�H�Q�W �H�U�U�R�U �Y�D�O�X�H�V�� �(�D�F�K �Y�D�O�L�G �H�[�S�H�U�L�P�H�Q�W �K�D�V �R�Q�H �D�Y�H�U�D�J�H �S�H�U�F�H�Q�W �H�U�U�R�U �Y�D�O�X�H �W�K�D�W �U�H�S�U�H�V�H�Q�W�V �W�K�H
�S�H�U�F�H�Q�W �H�U�U�R�U �R�I �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�V �L�Q �H�D�F�K �I�R�U�P�D�W�L�R�Q��

�7�K�H �W�K�L�U�G �H�U�U�R�U �V�W�D�W�L�V�W�L�F ��RMSD error �� �L�V �W�K�H �5�0�6�' �Y�D�O�X�H �R�I �H�D�F�K �R�I �W�K�H �D�Y�H�U�D�J�H �S�H�U�F�H�Q�W �H�U�U�R�U
�Y�D�O�X�H�V �F�D�O�F�X�O�D�W�H�G �I�R�UError dist �� �(�D�F�K �Y�D�O�L�G �H�[�S�H�U�L�P�H�Q�W �K�D�V �R�Q�H �D�Y�H�U�D�J�H �5�0�6�' �Y�D�O�X�H �U�H�S�U�H�V�H�Q�W�L�Q�J
�W�K�H �5�0�6�' �R�IError dist ��

�1�R�W�H �W�K�D�W �I�R�UError dist �D�Q�GRMSD error �� �W�K�H �H�[�S�H�F�W�H�G �Y�D�O�X�H �L�V ���� �L�P�S�O�\�L�Q�J �W�K�D�W �W�K�H �U�R�E�R�W�V �H�[�D�F�W�O�\
�P�D�L�Q�W�D�L�Q�H�G �W�K�H�L�U �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H�V �W�K�U�R�X�J�K�R�X�W �P�R�Y�H�P�H�Q�W��

�7�K�H �I�L�Q�D�O �H�U�U�R�U �V�W�D�W�L�V�W�L�F ��RMSD pos�� �F�D�O�F�X�O�D�W�H�G �L�V �W�K�H �5�0�6�' �Y�D�O�X�H �R�I �W�K�H �G�L�V�W�D�Q�F�H �H�D�F�K �U�R�E�R�W �Z�D�V
�I�U�R�P �L�W�V �G�H�V�L�U�H�G �S�R�V�L�W�L�R�Q �R�Y�H�U �D�O�O �L�W�H�U�D�W�L�R�Q�V�� �7�K�H �G�H�V�L�U�H�G �S�R�V�L�W�L�R�Q �R�I �H�D�F�K �U�R�E�R�W �L�V �F�D�O�F�X�O�D�W�H�G �D�W �H�D�F�K
�L�W�H�U�D�W�L�R�Q �X�V�L�Q�J �W�U�D�Q�V�O�D�W�L�R�Q �R�I �W�K�H �O�H�D�G�H�U �D�Q�G �U�R�W�D�W�L�R�Q �R�I �W�K�H �V�W�D�U�W�L�Q�J �H�G�J�H�� �1�R�W�H �W�K�D�W �W�K�L�V �L�P�S�O�L�H�V �W�K�D�W
�W�K�H �O�H�D�G�H�U �L�V �D�O�Z�D�\�V �L�Q �W�K�H �G�H�V�L�U�H�G �S�R�V�L�W�L�R�Q�� �)�R�U �H�[�D�P�S�O�H�� �)�L�J�X�U�H���� �G�L�V�S�O�D�\�V �W�K�H �L�Q�L�W�L�D�O �I�R�U�P�D�W�L�R�Q �D�W
�L�W�H�U�D�W�L�R�Q �� ���O�H�I�W�� �D�Q�G �W�K�H �I�R�U�P�D�W�L�R�Q �D�I�W�H�U �R�Q�H �L�W�H�U�D�W�L�R�Q ���U�L�J�K�W���� �7�K�H �U�H�G �R�Y�H�U�O�D�\ �U�H�S�U�H�V�H�Q�W�V �W�K�H �G�H�V�L�U�H�G
�S�R�V�L�W�L�R�Q�V �R�I �H�D�F�K �U�R�E�R�W �D�V�V�X�P�L�Q�J �D�O�O �F�R�Q�V�W�U�D�L�Q�W�V �D�U�H �P�D�L�Q�W�D�L�Q�H�G�� �7�K�H �E�O�D�F�N �I�R�U�P�D�W�L�R�Q �R�Q �W�K�H �U�L�J�K�W
�U�H�S�U�H�V�H�Q�W�V �W�K�H �D�F�W�X�D�O �S�R�V�L�W�L�R�Q�V �R�I �W�K�H �U�R�E�R�W�V �D�I�W�H�U �R�Q�H �L�W�H�U�D�W�L�R�Q�� �7�K�H �J�U�H�H�Q �U�H�S�U�H�V�H�Q�W�V �W�K�H �G�L�V�W�D�Q�F�H
�E�H�W�Z�H�H�Q �Z�K�H�U�H �W�K�H �U�R�E�R�W �L�V �P�H�D�V�X�U�H�G �W�R �E�H �Y�H�U�V�X�V �L�W�V �G�H�V�L�U�H�G �S�R�V�L�W�L�R�Q �L�V�� �$�W �L�W�H�U�D�W�L�R�Q ���� �D�O�O �U�R�E�R�W�V
�D�U�H �L�Q �W�K�H�L�U �G�H�V�L�U�H�G �S�R�V�L�W�L�R�Q�� �(�D�F�K �I�R�U�P�D�W�L�R�Q �K�D�V �R�Q�H �5�0�6�' �D�Y�H�U�D�J�H �Y�D�O�X�H �P�H�D�V�X�U�L�Q�J �K�R�Z �F�O�R�V�H
�U�R�E�R�W�V �Z�H�U�H �R�Q �D�Y�H�U�D�J�H �W�R �W�K�H�L�U �G�H�V�L�U�H�G �S�R�V�L�W�L�R�Q��



����

�)�L�J�X�U�H ������ �%�O�D�F�N � �D�F�W�X�D�O �S�R�V�L�W�L�R�Q�� �U�H�G � �G�H�V�L�U�H�G �S�R�V�L�W�L�R�Q�� �J�U�H�H�Q � �G�L�V�W�D�Q�F�H �I�U�R�P �D�F�W�X�D�O �S�R�V�L�W�L�R�Q �W�R
�G�H�V�L�U�H�G �S�R�V�L�W�L�R�Q

�(�D�F�K �R�I �W�K�H�V�H �Y�D�O�X�H�V �D�U�H �W�K�H�Q �X�V�H�G �W�R �U�D�Q�N �V�L�P�X�O�D�W�L�R�Q�V �I�U�R�P �O�R�Z�H�V�W ���S�H�U�I�R�U�P�H�G �E�H�V�W�� �W�R �K�L�J�K�H�V�W
���S�H�U�I�R�U�P�H�G �Z�R�U�V�W���� �7�R �P�D�N�H �D �G�L�V�W�L�Q�F�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �U�L�J�L�G�L�W�\ �R�I �W�K�H �I�R�U�P�D�W�L�R�Q �Y�H�U�V�X�V �W�K�H �I�R�U�P�D��
�W�L�R�Q �F�R�Q�W�U�R�O �P�R�Y�H�P�H�Q�W��RMSD dist ��RMSD error �� �D�Q�GError dist �D�U�H �V�S�O�L�W �L�Q�W�R �W�Z�R �U�D�Q�N�L�Q�J�V�� �2�Q�H
�U�D�Q�N�L�Q�J �F�R�Q�V�L�G�H�U�H�G �R�Q�O�\ �Y�D�O�X�H�V �I�R�U �H�D�F�K �H�G�J�H �L�Q �W�K�H �J�U�D�S�K �Z�K�L�O�H �W�K�H �R�W�K�H�U �F�R�Q�V�L�G�H�U�H�G �H�G�J�H �D�Q�G
�Q�R�Q���H�G�J�H �Y�D�O�X�H�V��

�7�K�H �U�H�V�X�O�W�V �R�I �W�K�H �D�Q�D�O�\�V�L�V �V�X�S�S�R�U�W �R�X�U �K�\�S�R�W�K�H�V�L�V�� �D�V �G�L�D�P�H�W�H�U �L�Q�F�U�H�D�V�H�V�� �I�R�U�P�D�W�L�R�Q �D�F�F�X�U�D�F�\ �G�H��
�F�U�H�D�V�H�V�� �7�D�E�O�H�V�� �D�Q�G�� �V�K�R�Z �W�K�H �L�Q�F�U�H�D�V�H �L�Q �D�Y�H�U�D�J�H �H�U�U�R�U �V�W�D�W�L�V�W�L�F �Y�D�O�X�H�V �D�V �G�L�D�P�H�W�H�U �L�Q�F�U�H�D�V�H�V����
�7�K�L�V �F�D�Q �D�O�V�R �E�H �V�H�H�Q �L�Q �W�K�H �)�L�J�X�U�H�V������ �D�Q�G���� �U�H�V�S�H�F�W�L�Y�H�O�\�� �D�V �G�L�D�P�H�W�H�U �L�V �L�Q�F�U�H�D�V�L�Q�J�� �W�K�H �D�Y�H�U�D�J�H
�H�U�U�R�U �Y�D�O�X�H �D�V �Z�H�O�O �D�V �W�K�H �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �L�V �L�Q�F�U�H�D�V�L�Q�J�� �,�W �L�V �F�O�H�D�U �I�U�R�P �W�K�H �I�L�J�X�U�H�V �W�K�D�W �W�K�L�V �S�H�U��
�I�R�U�P�D�Q�F�H �I�R�O�O�R�Z�V �I�R�U �D�O�O �H�P�E�H�G�G�L�Q�J�V �R�In = 8�� �:�H �F�K�R�R�V�H �W�R �G�L�V�S�O�D�\n = 8 �K�H�U�H �E�H�F�D�X�V�H �W�K�H�U�H �L�V
�P�R�U�H �Y�D�U�L�H�W�\ �L�Q �W�K�H �G�L�D�P�H�W�H�U �R�I �D �I�R�U�P�D�W�L�R�Q �W�K�D�Q �I�R�Un < 8��

�G�?�Q �� �� �� �� ��

�� �������������������� �������������������� �� �� ��
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�� �� �������������������� �������������������� �������������������� ����������������������
�� �� �� �������������������� ������������������ ����������������������
�� �� �� �� �������������������� ����������������������
�� �� ������ ������ ������ ����������������������

�7�D�E�O�H ����RMSD pos ���W�K�L�U�G �H�P�E�H�G�G�L�Q�J���� �$�V �G�L�D�P�H�W�H�U �L�Q�F�U�H�D�V�H�V��RMSD pos �L�Q�F�U�H�D�V�H�V��

�,�Q �R�E�V�H�U�Y�L�Q�J �W�K�H �G�D�W�D�� �Z�H �Q�R�W�H�G �W�Z�R �D�G�G�L�W�L�R�Q�D�O �R�E�V�H�U�Y�D�W�L�R�Q�V�� �)�L�U�V�W�� �J�L�Y�H�Q �W�K�D�W �D�O�O �Y�H�U�W�L�F�H�V �I�R�U �D�O�O
�Y�D�O�X�H�V �R�In �D�U�H �S�O�D�F�H�G �L�Q �W�K�H �V�D�P�H �V�W�D�U�W�L�Q�J �U�H�J�L�R�Q�� �K�L�J�K�H�U �Y�D�O�X�H�V �R�In �O�H�D�G �W�R �U�H�O�D�W�L�Y�H�O�\ �V�P�D�O�O�H�U
�G�L�V�W�D�Q�F�H�V �E�H�W�Z�H�H�Q �Y�H�U�W�L�F�H�V�� �:�H �I�R�X�Q�G �W�K�D�W �W�K�H �V�P�D�O�O�H�U �G�L�V�W�D�Q�F�H�V �V�H�H�P �W�R �O�H�D�G �W�R �L�P�S�U�R�Y�H�G �S�H�U�I�R�U��
�P�D�Q�F�H �L�Q �V�L�P�X�O�D�W�L�R�Q�� �7�K�L�V �L�V �O�L�N�H�O�\ �G�X�H �W�R �F�R�O�O�L�V�L�R�Q�V�� �)�R�U �H�[�D�P�S�O�H�� �L�Q �)�L�J�X�U�H���� �Z�H �V�H�H �W�K�D�W �W�K�H�U�H
�D�U�H �I�R�X�U �U�R�E�R�W�V �W�K�D�W �V�W�D�U�W �W�K�H �H�[�S�H�U�L�P�H�Q�W �L�Q �F�R�O�O�L�V�L�R�Q�� �7�K�H�V�H �U�R�E�R�W�V �Z�L�O�O �P�D�L�Q�W�D�L�Q �W�K�H�L�U �G�L�V�W�D�Q�F�H�V �Z�H�O�O
�W�K�U�R�X�J�K�R�X�W �W�K�H �H�[�S�H�U�L�P�H�Q�W �E�H�F�D�X�V�H �H�Y�H�Q �L�Q �F�R�O�O�L�V�L�R�Q �W�K�H�L�U �F�R�Q�V�W�U�D�L�Q�W�V �D�U�H �E�H�L�Q�J �P�D�L�Q�W�D�L�Q�H�G�� �:�K�H�Q
�W�K�H�U�H �D�U�H �O�D�U�J�H�U �G�L�V�W�D�Q�F�H�V �E�H�W�Z�H�H�Q �U�R�E�R�W�V�� �U�R�E�R�W�V �P�X�V�W �D�Y�R�L�G �F�R�O�O�L�V�L�R�Q�V �R�U �F�R�Q�V�W�U�D�L�Q�W�V �Z�L�O�O �Q�R�W �E�H

���$�O�O �U�H�P�D�L�Q�L�Q�J �G�D�W�D �W�D�E�O�H�V �F�D�Q �E�H �I�R�X�Q�G �L�Q �W�K�H �D�S�S�H�Q�G�L�[��



����

�G�?�Q �� �� �� �� ��

�� �������������������� �������������������� �� �� ��
�� �������������������� �������������������� �������������������� �������������������� ��������������������
�� �� �������������������� �������������������� �������������������� ����������������������
�� �� �� �������������������� �������������������� ����������������������
�� �� �� �� �������������������� ����������������������
�� �� ������ ������ ������ ����������������������

�7�D�E�O�H ����Error dist ���W�K�L�U�G �H�P�E�H�G�G�L�Q�J���� �$�V �G�L�D�P�H�W�H�U �L�Q�F�U�H�D�V�H�V��Error dist �L�Q�F�U�H�D�V�H�V��

�P�D�L�Q�W�D�L�Q�H�G�� �6�P�D�O�O�H�U �G�L�V�W�D�Q�F�H�V �P�D�N�H �L�W �H�D�V�L�H�U �I�R�U �U�R�E�R�W�V �W�R �P�D�L�Q�W�D�L�Q �W�K�H�L�U �J�L�Y�H�Q �F�R�Q�V�W�U�D�L�Q�W�V�� �2�X�U
�V�H�F�R�Q�G �R�E�V�H�U�Y�D�W�L�R�Q �L�V �W�K�D�W �L�I �W�K�H�U�H �L�V �D �I�R�U�P�D�W�L�R�Q �Z�L�W�K �D �K�H�D�Y�\ �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �R�I �U�R�E�R�W�V �V�X�U�U�R�X�Q�G�L�Q�J
�W�K�H �V�W�D�U�W�L�Q�J �H�G�J�H�� �W�K�H �I�R�U�P�D�W�L�R�Q �F�R�X�O�G �S�H�U�I�R�U�P �Z�R�U�V�H �G�X�H �W�R �F�R�O�O�L�V�L�R�Q�V �Z�L�W�K �W�K�H �O�H�D�G�H�U �R�U �F�R���O�H�D�G�H�U��
�,�I �W�K�H �O�H�D�G�H�U �J�H�W�V �V�W�X�F�N �L�Q �F�R�O�O�L�V�L�R�Q�V�� �W�K�H�Q �W�K�H �I�R�U�P�D�W�L�R�Q �L�V �X�Q�D�E�O�H �W�R �P�R�Y�H �W�R �W�K�H �Q�H�[�W �G�H�V�W�L�Q�D�W�L�R�Q
�S�R�L�Q�W �X�Q�W�L�O �W�K�H �O�H�D�G�H�U �D�G�M�X�V�W�V�� �:�K�L�O�H �D�G�M�X�V�W�L�Q�J�� �W�K�H �O�H�D�G�H�U �L�V �O�L�N�H�O�\ �D�O�W�H�U�L�Q�J �L�W�V �S�D�W�K �I�U�R�P �W�K�H �G�H�V�L�U�H�G
�F�L�U�F�O�H �S�D�W�K �Z�K�L�F�K �F�D�Q �O�H�D�G �W�R �D �G�H�F�U�H�D�V�H �L�Q �I�R�U�P�D�W�L�R�Q �D�F�F�X�U�D�F�\��

�,�Q �W�K�L�V �W�K�H�V�L�V�� �Z�H �D�O�V�R �K�D�G �W�K�H �F�K�D�Q�F�H �W�R �F�R�O�O�H�F�W �G�D�W�D �I�U�R�P �V�R�P�H �K�D�U�G�Z�D�U�H �V�L�P�X�O�D�W�L�R�Q�V�� �7�D�E�O�H�� �V�K�R�Z�V
�W�K�H �D�Y�H�U�D�J�H �H�U�U�R�U �V�W�D�W�L�V�W�L�F�V �L�Q �W�K�H �S�\�W�K�R�Q �H�[�S�H�U�L�P�H�Q�W�V �D�Q�G �W�K�H�L�U �F�R�U�U�H�V�S�R�Q�G�L�Q�J �K�D�U�G�Z�D�U�H �H�[�S�H�U�L�P�H�Q�W��
�:�H �V�H�H �I�U�R�P �W�K�H �W�D�E�O�H �W�K�D�W �W�K�H �I�R�U�P�D�W�L�R�Q �Z�L�W�K �V�W�D�U�W�L�Q�J �H�G�J�He02 ���G�L�D�P�H�W�H�U � ���� �F�R�Q�V�L�V�W�H�Q�W�O�\ �S�H�U�I�R�U�P�V
�E�H�W�W�H�U �W�K�D�Q �W�K�H �V�D�P�H �I�R�U�P�D�W�L�R�Q �Z�L�W�K �V�W�D�U�W�L�Q�J �H�G�J�He30 ���G�L�D�P�H�W�H�U � ������ �7�K�H�V�H �S�U�H�O�L�P�L�Q�D�U�\ �U�H�V�X�O�W�V
�V�X�J�J�H�V�W �W�K�D�W �R�X�U �K�\�S�R�W�K�H�V�L�V �K�R�O�G�V �H�Y�H�Q �L�Q �K�D�U�G�Z�D�U�H��

�)�L�J�X�U�H ������ �(�[�D�P�S�O�H �R�I �V�R�P�H �U�R�E�R�W�V �V�W�D�U�W�L�Q�J �H�[�S�H�U�L�P�H�Q�W �L�Q �F�R�O�O�L�V�L�R�Q �G�X�H �W�R �V�P�D�O�O�H�U �G�H�V�L�U�H�G �S�D�L�U�Z�L�V�H
�G�L�V�W�D�Q�F�H�V��



����

�H�U�U�R�U �V�W�D�W�L�V�W�L�F�S�\�W�K�R�Qe02 e02�� �G � �� �S�\�W�K�R�Qe30 e30�� �G � ��

RMSD error ���������������������� ���������������������� �������������������� ����������������������
RMSD dist ���������������������� ���������������������� ���������������������� ����������������������
RMSD pos ���������������������� ���������������������� ���������������������� ��������������������
Error dist ���������������������� ���������������������� ���������������������� ��������������������

�7�D�E�O�H ���� �+�D�U�G�Z�D�U�H �Y�V �S�\�W�K�R�Q �G�D�W�D �I�R�Un = 8 �H�[�S�H�U�L�P�H�Q�W�V�� �%�R�W�K �I�R�U�P�D�W�L�R�Q�V �V�K�D�U�H �V�D�P�H �X�Q�G�H�U�O�\�L�Q�J
�X�Q�G�L�U�H�F�W�H�G �J�U�D�S�K �D�Q�G �H�P�E�H�G�G�L�Q�J�� �7�K�H �I�R�U�P�D�W�L�R�Q �L�Q �W�K�H �V�H�F�R�Q�G �F�R�O�X�P�Q �K�D�V �G�L�D�P�H�W�H�U � �� �D�Q�G �W�K�H
�I�R�U�P�D�W�L�R�Q �L�Q �W�K�H �W�K�L�U�G �F�R�O�X�P�Q �K�D�V �G�L�D�P�H�W�H�U � ����

�)�L�J�X�U�H ������n = 8 ���W�K�L�U�G �H�P�E�H�G�G�L�Q�J��RMSD pos�� �$�V �G�L�D�P�H�W�H�U �L�Q�F�U�H�D�V�H�V��RMSD pos �L�Q�F�U�H�D�V�H�V��

�)�L�J�X�U�H ������n = 8 ���W�K�L�U�G �H�P�E�H�G�G�L�Q�J��Error dist �� �$�V �G�L�D�P�H�W�H�U �L�Q�F�U�H�D�V�H�V��Error dist �L�Q�F�U�H�D�V�H�V��



����

�� �&�R�Q�F�O�X�V�L�R�Q�V �D�Q�G �)�X�W�X�U�H �:�R�U�N

�7�K�H �P�D�L�Q �U�H�V�H�D�U�F�K �T�X�H�V�W�L�R�Q �I�R�U �W�K�L�V �W�K�H�V�L�V �Z�D�V �W�R �L�G�H�Q�W�L�I�\ �Z�K�L�F�K �S�H�U�V�L�V�W�H�Q�W �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �I�R�U�P�D��
�W�L�R�Q�V �P�R�V�W �D�F�F�X�U�D�W�H�O�\ �P�D�L�Q�W�D�L�Q �W�K�H�L�U �G�L�V�W�D�Q�F�H �F�R�Q�V�W�U�D�L�Q�W�V �L�Q �P�R�Y�H�P�H�Q�W�� �:�H �V�W�D�W�H�G �D �K�\�S�R�W�K�H�V�L�V �L�Q
�W�H�U�P�V �R�I �D �F�R�P�E�L�Q�D�W�R�U�L�D�O �F�R�Q�F�H�S�W �Z�K�L�F�K �Z�H �F�D�O�O�H�G �G�L�D�P�H�W�H�U�� �G�H�I�L�Q�H�G �X�V�L�Q�J �Z�D�Y�H�V �F�D�S�W�X�U�L�Q�J �L�Q�G�X�F��
�W�L�Y�H �+�� �V�W�H�S�V�� �:�H �G�H�V�L�J�Q�H�G �H�[�S�H�U�L�P�H�Q�W�V �W�R �H�Y�D�O�X�D�W�H �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �I�R�U�P�D�W�L�R�Q�V �Z�L�W�K �Y�D�U�\�L�Q�J
�G�L�D�P�H�W�H�U�V�� �2�X�U �U�H�V�X�O�W�V �V�X�S�S�R�U�W �W�K�H �K�\�S�R�W�K�H�V�L�V �W�K�D�W�� �D�V �G�L�D�P�H�W�H�U �L�Q�F�U�H�D�V�H�G�� �S�H�U�I�R�U�P�D�Q�F�H �Z�R�U�V�H�Q�H�G��

�)�R�U �I�X�W�X�U�H �Z�R�U�N�� �W�K�H �H�I�I�H�F�W�V �R�I �O�H�D�G�H�U �D�Q�G �F�R���O�H�D�G�H�U �S�R�V�L�W�L�R�Q�L�Q�J �L�Q �W�K�H �I�R�U�P�D�W�L�R�Q �F�R�X�O�G �E�H �H�[�S�O�R�U�H�G��
�7�K�U�R�X�J�K �H�D�U�O�\ �H�[�S�H�U�L�P�H�Q�W�D�W�L�R�Q �L�Q �W�K�L�V �W�K�H�V�L�V�� �Z�H �Q�R�W�H�G �W�K�D�W �W�K�H�U�H �V�H�H�P�H�G �W�R �E�H �V�R�P�H �F�R�U�U�H�O�D�W�L�R�Q
�E�H�W�Z�H�H�Q �W�K�H �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �I�R�U�P�D�W�L�R�Q �L�Q �V�L�P�X�O�D�W�L�R�Q �D�Q�G �W�K�H �S�R�V�L�W�L�R�Q�L�Q�J �R�I �W�K�H �O�H�D�G�H�U �D�Q�G �F�R��
�O�H�D�G�H�U�� �7�R �U�H�G�X�F�H �W�K�L�V �H�[�W�U�D �Y�D�U�L�D�E�O�H �D�Q�G �I�R�F�X�V �R�Q �W�K�H �Q�H�Z�O�\ �G�H�I�L�Q�H�G �F�R�Q�F�H�S�W �R�I �I�R�U�P�D�W�L�R�Q �G�L�D�P�H�W�H�U��
�Z�H �I�L�[�H�G �W�K�H �S�R�V�L�W�L�R�Q�V �R�I �W�K�H �V�W�D�U�W�L�Q�J �H�G�J�H �I�R�U �D�O�O �H�P�E�H�G�G�L�Q�J�V�� �+�R�Z�H�Y�H�U�� �D�O�W�H�U�Q�D�W�H �S�R�V�L�W�L�R�Q�L�Q�J
�I�R�U �W�K�H�V�H �W�Z�R �U�R�E�R�W�V �F�R�X�O�G �O�H�D�G �W�R �G�L�I�I�H�U�H�Q�W �G�L�V�F�R�Y�H�U�L�H�V�� �$�O�R�Q�J �W�K�L�V �L�G�H�D�� �I�X�W�X�U�H �U�H�V�H�D�U�F�K �F�R�X�O�G
�H�[�S�O�R�U�H �W�K�H �L�Q�L�W�L�D�O �S�D�L�U�Z�L�V�H �G�L�V�W�D�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �O�H�D�G�H�U �D�Q�G �F�R���O�H�D�G�H�U �D�Q�G �L�W�V �H�I�I�H�F�W �R�Q �I�R�U�P�D�W�L�R�Q
�S�H�U�I�R�U�P�D�Q�F�H��

�3�U�H�O�L�P�L�Q�D�U�\ �U�H�V�X�O�W�V �I�U�R�P �5�R�E�R�W�D�U�L�X�P �K�D�U�G�Z�D�U�H �H�[�S�H�U�L�P�H�Q�W�V �V�X�J�J�H�V�W �W�K�D�W �G�L�D�P�H�W�H�U �D�O�V�R �L�P�S�D�F�W�V �W�K�H
�S�H�U�I�R�U�P�D�Q�F�H �R�I �U�H�D�O �U�R�E�R�W�V�� �$�Q �H�[�W�H�Q�V�L�R�Q �W�R �W�K�L�V �W�K�H�V�L�V �F�R�X�O�G �E�H �S�H�U�I�R�U�P �P�R�U�H �K�D�U�G�Z�D�U�H �H�[�S�H�U�L��
�P�H�Q�W�V �W�R �V�H�H �L�I �W�K�L�V �S�D�W�W�H�U�Q �K�R�O�G�V��

�,�Q �W�K�L�V �W�K�H�V�L�V �Z�H �S�U�R�S�R�V�H�G �D�Q �D�S�S�U�R�D�F�K �W�R �J�H�Q�H�U�D�W�H �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V�� �$�Q
�H�[�S�D�Q�V�L�R�Q �R�Q �W�K�L�V �Z�R�X�O�G �E�H �W�R �S�U�R�Y�H �F�R�Q�M�H�F�W�X�U�H�������D�Q�G �L�Q �W�X�U�Q �L�G�H�Q�W�L�I�\ �Z�K�H�W�K�H�U �W�K�L�V �L�V �D�Q �S�U�R�F�H�G�X�U�H
�W�K�D�W �W�U�X�O�\ �J�H�Q�H�U�D�W�H�V �D�O�O �V�X�F�K �J�U�D�S�K�V�� �R�U �L�I �W�K�H�U�H �D�U�H �V�R�P�H �O�H�I�W �W�R �E�H �J�H�Q�H�U�D�W�H�G�� �,�W �L�V �V�W�L�O�O �O�H�I�W �W�R �E�H
�S�U�R�Y�H�G �Z�K�H�W�K�H�U �H�D�F�K �O�H�D�G�H�U �W�R �F�R���O�H�D�G�H�U �H�G�J�H �K�D�V �D �X�Q�L�T�X�H �J�U�D�S�K�� �R�U �L�I �R�Q�H �V�W�D�U�W�L�Q�J �H�G�J�H �F�D�Q �K�D�Y�H
�P�X�O�W�L�S�O�H �D�V�V�R�F�L�D�W�H�G �S�H�U�V�L�V�W�H�Q�W �D�F�\�F�O�L�F �O�H�D�G�H�U���I�R�O�O�R�Z�H�U �J�U�D�S�K�V��

�$�S�S�H�Q�G�L�[

�)�R�U �F�R�P�S�O�H�W�H�Q�H�V�V�� �Z�H �L�Q�F�O�X�G�H �H�[�S�H�U�L�P�H�Q�W�D�O �G�D�W�D �D�Q�G �D�V�V�R�F�L�D�W�H�G �V�F�U�L�S�W�V �I�R�U �W�K�H �S�U�R�M�H�F�W�� �:�H �I�L�U�V�W
�L�Q�F�O�X�G�H �W�K�H �W�K�U�H�H �U�D�Q�G�R�P �H�P�E�H�G�G�L�Q�J�V �I�R�U �H�D�F�K �Y�D�O�X�H �R�In �L�Q �W�K�H �S�O�D�Q�H�� �D�Q�G �W�K�H�L�U �S�R�L�Q�W �V�H�W�V ���I�R�U
�V�W�D�U�W�L�Q�J �H�G�J�He01���� �1�H�[�W �Z�H �L�Q�F�O�X�G�H �D�G�G�L�W�L�R�Q�D�O �G�D�W�D �F�R�O�O�H�F�W�H�G �I�R�U �S�\�W�K�R�Q �D�Q�G �K�D�U�G�Z�D�U�H �H�[�S�H�U�L�P�H�Q�W�V
�W�K�D�W �Z�H�U�H �Q�R�W �L�Q�F�O�X�G�H�G �H�D�U�O�L�H�U�� �1�R�W�H �W�K�D�W �Z�H �M�X�V�W �L�Q�F�O�X�G�H �G�D�W�D �W�K�D�W �F�R�Q�V�L�G�H�U�V �H�G�J�H �D�Q�G �Q�R�Q���H�G�J�H
�F�R�Q�V�W�U�D�L�Q�W�V�� �:�H �D�O�V�R �L�Q�F�O�X�G�H �F�K�D�U�W�V �W�K�D�W �U�H�S�U�H�V�H�Q�W �W�K�H �G�D�W�D �F�R�O�O�H�F�W�H�G �R�Y�H�U �D�O�O �W�K�U�H�H �H�P�E�H�G�G�L�Q�J�V
���V�L�P�L�O�D�U �W�R �)�L�J�X�U�H�V���� �D�Q�G�������� �)�L�Q�D�O�O�\�� �Z�H �L�Q�F�O�X�G�H �S�\�W�K�R�Q �V�F�U�L�S�W�V �Q�H�F�H�V�V�D�U�\ �W�R �U�H�F�U�H�D�W�H �W�K�L�V �S�U�R�M�H�F�W��

�)�L�J�X�U�H ������n = 4 �H�P�E�H�G�G�L�Q�J�V
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