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Abstract

In the digital age, cryptology, always important during conflicts, is becoming

more and more significant as cybersecurity influences world affairs. We are in-

terested in studying the mathematical properties of certain functions that are

employed to create digital signatures, in particular via the ElGamal Digital Sig-

nature Scheme. Using techniques from Holden, Richardson and Robinson [3],

we examine the properties of these non-algebraic functions and, more specifi-

cally, we count the number of fixed points of these functions modulo any positive

power of a prime p. We show explicitly how the singular points of the function

(i.e. the points where the derivative is zero modulo p) complicate the solution.
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Notations

Number symbols:

• Z The ring of integers in the rational numbers.

• Z+ The positive integers.

• Zp The ring of p-adic integers for a prime p.

• (Z/pZ)× The multiplicative group of integers modulo p.

• (Z/peZ)× The multiplicative group of integers modulo pe. (This group
contains all elements x where 1 ≤ xe and p - x

• |S| The cardinality of the set S.

• bxc The greatest integer ≤ x

p-adic Notations:

• ω(x) The unique (p− 1)st root of unity in Zp such that x ≡ ω(x)modulo
p for x ∈ Z.

• < x >= x
ω(x) A p-adic unit in 1 + pZp constructed from x.

• ep(a) The smallest exponent e ≥ 1 such that ae ≡ 1 (mod p), where p is
a prime integer.

• fx0(x) = ω(x)g(x0) < x >g(x) −x The auxiliary p-adic function whose
Taylor series we are using to count solutions in the p-adic numbers. When
x ≡ x0 (mod p− 1) then fx0

(x) = xg(x) − x.

• ψ(d) the number of elements a ∈ (Z/pZ)× where 1 ≤ a ≤ p − 1 and
d = ep(a) for p ∈ P, the set of integer primes.

• φ(d) The number of integers k for 1 ≤ k ≤ d such that gcd(k, d) = 1.

• where Ng−1(d) is the number of solutions to g(z)1 ≡ 0modulod.
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Chapter 1

Introduction

If Alice were to send Bob a digital letter, how can Bob be sure that the

letter came from her? People are interested in digital signature schemes in order

to sign digital documents in a way that is both secure and can verify an exact

identity of the signer. The motivation for our work on this project is the ”El-

Gamal signature scheme.” This scheme depends on the difficulty of the discrete

logarithm problem for its security. The discrete logarithm problem is as follows:

given a prime p and integers g, a ∈ Z solve for x such that gx ≡ a modulo p.

Motivated by the need to understand the properties of the functions used in the

El-Gamal Digital Signature Scheme, we will count the number of solutions to

certain congruences modulo pe. We will begin to document the growth patterns

of these solutions, as well as examine the complications which occur at points

where the derivative modulo p is zero. We examine the solutions in extended

ranges for x, and then use Hensel’s lemma and the Chinese Remainder Theorem,

and some p-adic Analysis to solve the problem. We consider the congruence,

xg(x) ≡ x modulo pe, for g(x) = x+ 1, g(x) = x+ 2, and then give conjectures

about what happens when g(x) = x + c for other c ∈ Z. More specifically, in

chapter 2 we discuss the theorem that provide background for our theorems. In

chapter 3 we discuss some known results from in order to understand the case
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where g(x) = x + 1, which will help us with the case where g(x) = x + 2. In

chapter 4 we go over some necessary definitions and a description of the problem

explained through numerical examples. In chapter 5 we prove our main theorem,

and then as our conclusion we discuss future work on a more general conjecture

for the case where g(x) = x+ c and give final remarks in chapter 6.



Chapter 2

Background

The following theorems in this section will be used in order to defend the

proofs in this paper.

Theorem 2.1 (Fermat’s Little Theorem). [11] Let p be a prime and a be an

integer relatively prime to p. Then,

ap−1 ≡ 1 (mod p).

Proof. Since a has no common factors with p we know that ax ≡ ay mod p if

and only if x ≡ y (mod p). This cancellation property allows us to see that the

values a · 1, a · 2, . . . , a · (p − 1) are all distinct modulo p and thus that the set

{a · 1, a · 2, . . . , a · (p− 1)} = {1, 2, . . . , p− 1} as sets modulo p. Hence,

a · 1 · a · 2 · · · a · (p− 1) ≡ 1 · 2 · · · (p− 1) (mod p).

From which we have that

ap−1 · 1 · 2 · · · (p− 1) ≡ 1 · 2 · · · (p− 1) (mod p).
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Finally cancelling 1 · 2 · · · (p− 1) from both sides we have our result that

ap−1 ≡ 1 (mod p).

q.e.d.

Theorem 2.2 (The Chinese Remainder Theorem). [11] Suppose that d and e

are coprime positive integers. There is a one-to-one correspondence between the

set of pairs (a, b) with 0 ≤ a ≤ d and 0 ≤ b ≤ e and the set of numbers N with

0 ≤ N ≤ de; such that each solution (a, b) to x ≡ a (mod d) and x ≡ b (mod e)

corresponds to exactly one solution x ≡ N (mod de).

Proof. We proceed by the pigeonhole principle. Gather de pigeons, and label

them by numbers N between 0 and de − 1. Arrange the de pigeonholes, in d

columns and e rows. and label them by brackets [a, b] according to their column

and row. Given a pigeon labeled N , there exist unique integers a, b such that

0 ≤ a ≤ d and a ≤ b < e and N ≡ [a, b] (mod [d, e]). Send the pigeon N to the

pigeonhole [a, b] accordingly.

If two pigeons labeled M and N landed in the same pigeonhole [a, b], then

we would find

M ≡ [a, b] (mod [d, e]) and N ≡ [a, b] (mod [d, e]).

Then M − N would be a multiple of d and a multiple of e. Since d and e are

coprime, M − N is a multiple of de. But since M and N are between 0 and

de− 1, this implies M = N .

Hence no two pigeons land in the same pigeonhole, this gives a one-to-one

correspondence and the result follows. q.e.d.

Theorem 2.3. [10] For an arithmetic function F , if gcd(m,n) = 1, then
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F (nm) = F (n)F (m).

Proof. Let

d1, d2, ..., drbe the divisors of n

and

e1, e2, ..., erbe the divisors of m.

The fact that m and n are relatively prime means that the divisors of mn are

precisely the various products

d1e1, d1e2, ...d1es, d2e1, d2e2..., .d2e2, ..., dre1, dre2, ..., dres.

Furthermore, every di is relatively prime to every ej so φ(diej) = φ((di)φ(ej).

Using this fact, we compute

F (mn) = φ(d1e1)+ ...+φ(d1es)+φ(d2e1)+ ...+(d2es)+ ...+φ(dre1)+ ...φ(dres)

= φ(d1)φ(e1) + φ(d1)φ(es) + φ(d2)φ(e1) + ... + φ(d2)φ(e2) + ... + φ(dr)φ(e1) +

...+ φ(dr)φ(es)

= (φ(d1) + φ(d2) + ...+ φ(dr)) · (φ(e1) + φ(e2) + ...+ φ(es))

= F (m)F (n). q.e.d.

Theorem 2.4. [10] Let d1, d2, ..., dr be the divisors of a positive integer n. Then

φ(d1) + φ(d2) + ...+ φ(dr) = n

Proof. Let d1, d2, ..., dr be the positive integer divisors of n for a positive integer

n. We will let F (n) = φ(d1)+φ(d2)+ ...+φ(dr) and we need to verify that F (n)

always equals n. We will first show that F (pk) = pk. We have that F (pk) =

φ(1)+φ(p)+φ(p2)+ ....+φ(pk). So this is equal to 1+(p−1)+p(p−1)+p2(p−

1)+ ....+pk−1(p−1) = 1+(p−1)(1+p+p2+ ...+pk−1) From here, by geometric

sum, the right hand side is equal to 1+(p−1)(pk−1)/(p−1) = 1+pk−1 = pk.

We will now factor n into a product of prime powers, say n = pk1
1 ·p

k2
2 · ... ·
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pkt
t . The different prime powers are relatively prime to one another, so we can

use the multiplicative property for F to compute F (n) = F (pk1
1 · p

k2
2 · ... · p

kt
t ) =

F (pk1
1 ) · F (pk2

2 ) · ... · F (pkt
t ). Since F (pk) = pk for prime powers, the equation is

equal to pk1
1 · p

k2
2 · ... · p

kt
t = n. q.e.d.

Theorem 2.5. Let G =< g > be the cyclic group generated by g in the integers

where order of g = n. Then G =< gk > if and only if gcd(k, n) = 1.

Proof. We will first show that gk = 1 if and only if n|k. If n|k then k = qn

for some q ∈ n. Then gk = gqn = (gn)
q

= 1q = 1. Conversely, if gk = 1,

we can use the division algorithm to see k = nq + r with 0 ≤ r < n. Then

gr = gkg−nq = 1−q = 1. Since r < n, this contradicts the minimality of the

order n unless r = 0. Hence r = 0 and k = qn so that n|k.

Next we show if m = gcd(k, n) then o(gk) = n/m. Let k = ms and

n = mt. Then (gk)n/m = gkn/m = gmsn/m = (gn)s = 1s = 1, since gk = 1 if and

only if n|k. Hence n/m divides (k/m)r and since n/m and k/m are relatively

prime, it follows that n/m|r. So n/m is the smallest power of gk which equals

1. So o(gk) = n/m. But G =< gk > if and only if o(gk) = |G| = n. Hence

G =< gk > if and only if gcd(k, n) = 1. q.e.d.

Theorem 2.6 (Primitive Root Theorem). [10] Every prime p has a primitive

root. More precisely, there are exactly φ(p− 1) primitive roots modulo p.

Proof. We will prove this theorem by counting. For each number between 1 and

p−1, we know that the order ep(a) divides p−1. So for each number d dividing

p−1, we might ask how many a′s have their order ep(a) = d. We call this number

ψ(d). In other words, ψ(a) = (the number of a’s with 1 ≤ a < p and ep(a) = d.)

In particular, ψ(p− 1) is the number of primitive roots modulo p. Let n be any

number dividing say p−1 = nk. Then we can factor the polynomial xp−1−1 as

equal to xnk−1 = (xn)k−1 = (xn−1)((xn)k−1 +(xn)k−2 + ...+(xn)2 +xn +1).
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We count how many roots these polynomials have (mod p). First we observe

that xp−1 − 1 ≡ 0 (mod p) has exactly p − 1 solutions. Since Fermat’s Little

Theorem tells us that x = 1, 2, 3, ..., p− 1 are all solutions, the polynomial roots

(mod p) theorem says that a polynomial degree D with integer coefficients has

at most D roots modulo p, so (xn)k−1 + (xn)k−2 + ... + xn + 1 has at most

n(k− 1) roots. The only way for this to be true is if xn − 1 has exactly n roots

(mod p), since otherwise the right hand side won’t have enough roots for the

left hand side to have all p − 1 = ak roots. Therefore if n divides p − 1 then

xn − 1 ≡ 0 (mod p) has exactly n solutions with 0 ≤ x ≤ p.

Let’s count the number of solutions a different way. If x = a is a solution,

the an ≡ 1 (mod p), so by theorem 2.2, we know that ep(a) divides n. So

if we look at the divisors of n and if for each divisor d of n we take those

a′s with ep(a) = d, then we end up with all the solutions of the congruence

xn−1 ≡ 0 (mod p). In other words, if d1, d2, ..., dr are the numbers of solutions

to xn − 1 ≡ 0 (mod p) is equal to ψ(d1) + ψ(d2) + ...+ ψ(dr) by the divisors of

n (including both n and 1) then ψ(d1) +ψ(d2) + ...+ψ(dr) = n. From above n

is also equal to sum of the Euler-ψ function. We can use the fact that ψ and φ

both satisfy this formula show that they are equal. We observe that φ(1) = 1

and ψ(1) = 1, so we are ok if n = 1.Next we check that φ(q) = ψ(q) when n = q

is prime. The divisors of q are 1 and q, so φ(q)+φ(1) = q = ψ(q)+ψ(1). But we

know that φ(1) = ψ(1) = 1, so subtracting 1 from both sides gives φ(q) = ψ(q).

So, for each number n dividing p − 1 there are exactly φ(n) numbers with

ep(a) = p − 1. But a’s with ep(a) = p − 1 are precisely the primitive roots

modulo p, so we have proved that there are exactly φ(p − 1) primitive roots

modulo p. q.e.d.

Theorem 2.7 (Lagrange’s Remainder Theorem). [1] Let f be differentiable
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N + 1 times on (−R,R), define an = f (n)(0)/n! for n = 0, 1, ...N and let

SN (x) = a0 + a1x+ a2x
2 + ...+ aNx

N .

Given x 6= 0 in (−R,R), there exists a point c satisfying |c| < |x| where the

error function EN (x) = f(x)− SN (x) satisfies

EN (x) =
f (N+1)(c)

N + 1!
xN+1.

Proof. The Taylor coefficients are chosen so that the function f and the poly-

nomial SN have the same derivatives at zero, at least up through the Nth

derivative, after which SN becomes the zero function. In other words, f (n)(0) =

S
(n)
N (0) for all 0 ≤ n ≤ N , which implies the error function EN (x) = f(x) −

SN (x) satisfies

E
(n)
N (0) = 0 for all n = 0, 1, 2, ..., N.

The key ingredient in this argument is the Generalized Mean Value Theorem,

which states: if f and g are continuous on the closed interval [a, b] and differ-

entiable on the open interval (a, b),

then there exists a point c ∈ (a, b) such where

[f(b)− f(a)]g(x)− [g(b)− g(a)]f ′(c).

If g′ is never zero on (a, b), then the conclusion can be stated as

f ′(c)

g′(c)
=
f(b)− f(a)

g(b)− g(a)
.

To simplify notation, let’s assume x > 0 and apply the Generalized Mean

Value Theorem to the functions EN (x) and xN+1 on the interval [0, x]. Thus,
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there exists a point x1 ∈ (0, 1) such that

EN

xN+1
=

E′N (x1)

(N + 1)xx1
.

Now apply the Generalized Mean Value Theorem to the function E′N (x) and

(N + 1)xN on the interval [0, 1] to get that there exists a point x2 ∈ (0, x1)

where

EN

xN+1
=

E′N (x1)

(N + 1)xN1
=

E′′N (x2)

(N + 1)xN2 − 1
.

Continuing in this manner we find

EN

xN+1
=
E

(N+1)
N (xN+1)

(N + 1)!

where xN+1 ∈ (0, xN ) ⊂ ... ⊂ (0, x). Now set c = xN+1. Because s
(N+1)
N (x) = 0,

we have E
(X+1)
N = f (N+1)(x) and it follows that

EN (x) =
fN+1(c)

(N + 1)!
x(N+1)

as desired.

Lemma 2.1 (Hensel’s Lemma). [4] Let f(x) be a polynomial of the form f(x) =

a0+a1x+...+adx
d, with a0, a1, ..., ad ∈ Z and r such that f(r) ≡ 0 (mod p),where

f ′(r) 6≡ 0 (mod p), then for all r there exists a unique b = r0+pr1+...+pn−1rn−1

where 0 ≤ ri ≤ p1 such that f(b) ≡ 0 (mod pn), where n ∈ Z+, andr ≡ b

(mod p).

Proof. We will proceed by induction on n, where we are looking for solutions

modulo pn. We know from our assumption there exists an r0 ∈ Z such that

r ≡ r0 (mod p) and f(r0) ≡ 0 (mod p) where f ′(r0) 6≡ 0 (mod p). Thus, the

base case n = 1 holds, for b = r0. For our inductive hypothesis, we will assume



11

our theorem for n = k−1 and show there exists an rk such that f(r0+pr1+ ...+

pkrk) ≡ 0 (mod pk+1) and b ≡ r0 (mod p). Thus, our inductive assumption is

that if there exists a = r0+pr1+...+pk−1rk−1 such that f(a) ≡ 0 (mod pk), a ≡

r0 (mod p), and f ′(a) ≡ f ′(r0) 6≡ 0 mod p, then we can find b. To prove our

inductive step, we will find rk such that b = a+rkp
k, and f(b) ≡ 0 (mod pk+1).

Using the Taylor series for the polynomial f(x) about x = a, we have f(x) =

f(a) + f ′(a)(x− a) + ...+ f(d)(a)
d! (x− a)d. Letting x = a+ rkp

k, we have

f(a+ rkp
k) = f(a) + f ′(a)(rkp

k) +
f ′′(a)

2!
(rkp

k)2 + ...+
fd(a)

d!
(rkp

k)d. (2.1)

We set f(a+rkp
k) ≡ 0 (mod pk+1) and solve for rk so that the congruence holds.

Considering equation (2.1) modulo pk+1 we get that equation (2.1) reduces

modulo pk+1 to

f(a) + f ′(a)(rkp
k) ≡ 0 (mod pk+1).

So since f(a) = pkl and f ′(a) 6≡ 0 (mod p), rk = −l(f ′(a))−1 (mod p) and

we have a unique solution for rk. This proves our inductive step and shows

b = r0 + ...+ rkp
k is the unique solution to f(b)≡ 0 (mod pk) such that b ≡ r0

(mod p). q.e.d.

Theorem 2.8. For x ∈ {1, 2, ..., p − 1}, the number of solutions to xr ≡ 1

(mod p) is gcd(p− 1, r).

Proof. We know from Fermat’s Little Theorem that x(p−1) ≡ 1 (mod p) has all

x = 1, 2, ..., p − 1 values for x as solutions. So gcd(p − 1, p − 1) = p − 1 and

xp − 1 ≡ 1 (mod p) has p − 1 solutions. This argument shows that if xr ≡ 1

(mod p) then r must divide p − 1. So if gcd(p − 1, r) = 1 then only x = 1

will be a solution to xr ≡ 1 (mod p). So gcd(p − 1, r) will be the number of

solutions in this case. Now suppose gcd(p − 1, r) = d and 1 ≤ d ≤ p − 1.

Since (Z/pZ)× is a cyclic group with multiplicative order modulo p, there is
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an element a ∈ (Z/pZ)× such that (Z/pZ)× = {a, a2, a3, ..., a(p−1) = 1}. Now

since r = dk and p − 1 = d` for some k, ` ∈ Z, where gcd(k, `) = 1. We see

that (a`)r = a`∗(dk) ≡ a(p−1)k ≡ 1 (mod p). So al will be a solution to xr ≡ 1

mod p. Now we also see that all the x values: x = a`, a2`, a3`, ..., a(d−1)`, ade ≡ 1

(mod p), and also ad` ≡ a(p−1) = 1 will solve xr ≡ 1 (mod p). So note there

are exactly d = gcd(p − 1, r) solutions to xr ≡ 1 (mod p). These d solutions

have to be all the solutions to xr ≡ 1 (mod p) because suppose b ∈ (Z/pZ)×

was another solution then we would have that b = ae was a solution to xr ≡ 1

mod p. This would imply that aer ≡ 1 (mod p). So dividing er by p−1, we have

that er = (p−1)q1 +r1, where 0 ≤ r1 ≤ p−1. Now by Fermat’s Little Theorem

we know that ap−1 ≡ 1 (mod p) and since ae solves the congruence, we have

that 1 ≡ aer = a(p−1)q1 × ar1 ≡ ar1 (mod p) where 0 ≤ r1 ≤ p − 1. However,

since a is a generator of (Z/pZ)× and so ord(a) = p− 1 we cannot have ar1 ≡ 1

(mod p) for 0 ≤ r1 ≤ p − 1 unless r1 = 0. So we have that r1 = 0 and hence

aer = a(p−1)q1 . Now r = kd so aer = aedk = a(p−1)q1 , ` | ek but gcd(k, `) = 1.

So ` | e implies e = `m for 0 < m ≤ d. Thus b = ae = a`m is one of the x

values that we determined above a`, a2`, ..., ad` = 1 that we found above. Thus

we have shown that there are exactly d = gcd(p− 1, r) solutions. q.e.d.



Chapter 3

Known Results

The theorems in this section are known results which come from Holden,

Richardson, and Robinson [3] in order to give us a starting point for our research.

Theorem 3.1. [3] For each choice of x0 in (Z/(p− 1)Z)× and for g(x) ∈ z[x],

there are gcd(p− 1, g(x0)− 1) elements x1 ∈ (Z/pZ)× with the property that

ω(x1)g(x0) < x1 >
g(x1)≡ x1 (mod p).

Theorem 3.2. [3] Let p be a prime, p 6= 2. Then there are

{
p−1∑
x0=1

gcd(p− 1, g(x0)− 1)

}
−

 ∑
g(x1)≡1 (mod p)

Ng−1(ordp(x1))
p− 1

ordp(x1)


=
∑
d|p−1

∣∣{x1 ∈ (Z/pZ)× | g(x1) 6≡ 1 (mod p), ordp(x1) = d
}∣∣ p− 1

d
Ng−1(d)

solutions x to the congruence

xg(x) ≡ x (mod pe) (3.1)

13
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where 1 ≤ x ≤ pe(p− 1) such that p - x and g(x) 6≡ 1 (mod p).

These are in one-to-one correspondence with the solutions (x, x0) ∈ Zp×

{1, . . . , p− 1} to the equation

ω(x)g(x0) 〈x〉g(x) = x

such that p - x and g(x) 6≡ 1 (mod p).

Proof. For the cases where g(x1) ≡ 1 (mod p), x
g(x0)−1
1 ≡ 1 (mod p) for all x0 ∈

Z/(p− 1)Z such that ordp(x1) | (g(x0)− 1). There will be Ng−1(ordp(x1))(p−

1)/ ordp(x1) such values of x0. Now by the Chinese Remainder Theorem, there

will be Ng−1(ordp(x1))(p−1)/ ordp(x1) values for x with 1 ≤ x ≤ p(p−1) where

p - x and g(x) ≡ 1 (mod p).

Now we have left to show that for a fixed x0 ∈ Z/(p− 1)Z, any solution

with g(x1) 6≡ 1 (mod p) to the equation

ω(x)g(x0) 〈x〉g(x) ≡ x (mod p)

will lift to a unique solution in Zp. This result will imply by the Chinese

Remainder Theorem that the number of solutions to xg(x) ≡ x (mod pe), where

we allow x ∈ {1, 2, . . . pe(p − 1)} such that p - x and g(x) 6≡ 1 (mod p), will be

exactly the number of solutions when e = 1.

Fix x0 ∈ Z/(p − 1)Z, and consider the function fx0 : Zp → Zp given by

fx0
(x) = ω(x)g(x0) 〈x〉g(x) − x. Note that

fx0
(x) = ω(x)g(x0) 〈x〉g(x) − x

= ω(x)g(x0)(exp(g(x) log 〈x〉))− x

= ω(x)g(x0)

(
1 + g(x) log 〈x〉+

g(x)2(log 〈x〉)2

2!
+ · · ·

)
− x.
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Now log 〈x〉 ∈ pZp, so

f ′x0
(x) = ω(x)g(x0) ((g′(x0) log 〈x〉+ g(x)/x) + (terms containing p))− 1

f ′x0
(x) ≡ ω(x)g(x0)g(x)/x− 1 (mod p)

≡ xg(x0)−1g(x)− 1 (since ω(x) ≡ x (mod p)).

Suppose we have an x1 ∈ (Z/pZ)× such that g(x1) 6≡ 1 (mod p) and

ω(x1)g(x0) 〈x1〉g(x1) ≡ x1 (mod p). Again, since ω(x1) ≡ x1 (mod p) and 〈x1〉 ≡

1 (mod p), this gives us x
g(x0)
1 ≡ x1 (mod p). Hence,

f ′x0
(x1) ≡ x

g(x0)−1
1 g(x1)− 1 (mod p)

≡ g(x1)− 1 (mod p).

Since g(x1) 6≡ 1 (mod p), we have that f ′x0
(x1) 6≡ 0 (mod p).

By a previous proposition which states:

Let f(x) be a restricted power series in Zp[[x]], and let a be in Zp such

that df
dx (a) is in Z×p and f(a) ≡ 0p.

Then there exists a unique x ∈ Zp for which x ≡ a (mod p) and f(x) = 0

in Zp. Then for fixed x0 ∈ Z/(p− 1)Z, each solution x1 with g(x1) 6≡ 1 (mod p)

to the equation

ω(x)g(x0) 〈x〉g(x) ≡ x (mod p)

will lift to a unique solution to ω(x)g(x0) 〈x〉g(x) − x in Zp. Thus this unique

solution in Zp will correspond to one solution to equation (3.1) for each e.

Putting these results together with a previous corollary which states:

Let p be a prime. Then there are
∑p−1

x0−1 gcd(p1, g(x0)1) solutions x to

the congruence xg(x) ≡ x (mod p) where 1 ≤ x ≤ p(p1) and p - x,

and taking out the solutions where g(x) ≡ 1 (mod p), we have our theo-
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rem.

The second summation follows by noting that for each choice of x1 ∈

(Z/pZ)× of multiplicative order d modulo p such that g(x1) 6≡ 1 modulo p, there

are ((p− 1)/d)Ng−1(d) values of x0 ∈ Z/(p− 1)Z satisfying the congruence.

q.e.d.



Chapter 4

Definitions and Numerical

Examples

In order to better understand the main theorem we are trying to prove,

we give two definitions, Ne and N̄e which keep track of exactly what we are

counting.

Definition 4.1. We will let Ne stand for the set of fixed points of the function

xg(x) modulo powers of a prime p where g(x) is any polynomial with integer

coefficients. The set is defined as follows:

Ne = {x ∈ {1, 2, ..., pe − 1}| xg(x) ≡ x (mod pe) and p - x}

where e is an integer greater than 0. We let |Ne| be the cardinality of the set

Ne.

Definition 4.2. We let N̄e be the set of fixed points of the function xg(x) modulo

powers of a prime where g(x) is any polynomial with integer coefficients. The

17
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set N̄e

N̄e = {x ∈ {1, 2, ..., pe(p− 1)| xg(x) ≡ x (mod pe) and p - x}

.

We would like to compute |Ne| but unfortunately this seems beyond our

reach. We will see in the examples below that while we have a rough estimate

for the value of |Ne|, we cannot come up with an exact formula for the size of

this set. However, we find that when we extend the range for our solutions x

in N̄e for some g(x) and for odd primes p, we can compute an exact value. We

conjecture that |Ne|(p− 1) ≈ N̄e.

Using Magma, we can show that |Ne| has the following values for several

different g(x) and values of p. These calculations show that a closed form ex-

pression for |Ne| is difficult to compute.

In this paper, we have calculated the cardinalities of |N̄e| for g(x) = x+1

and g(x) = x + 2 and in general for g(x) = x + c where 1 ≤ c ≤ p for many

primes p and prime powers pe.

The following Corollary 4.3 follows from Theorem 3.2[1].

Corollary 4.3. For any prime p, a positive integer e, and g(x) = x+ 1,

|N̄e| = #{x ∈ {1, ..., pe(p− 1)}, p - x | xx+1 ≡ x (mod pe)}

=

p−1∑
x=1

gcd(g(x)− 1, p− 1)

One thing we would like to note from this theorem is that when g(x) = x+ 1,
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the exponent e is independent of |N̄e|.

Example 1. Here are the values for |Ne| when p = 5 and g(x) = x+ 1 over the

smaller range where x ∈ (Z/peZ)×.

e Ne |Ne|

1 {1, 51 − 1} 2

2 {1, 52 − 1} 2

3 {1, 68, 53 − 1} 3

4 {1, 54 − 1} 2

5 {1, 1068, 55 − 1} 3

6 {1, 1068, 56 − 1} 3

7 {1, 57 − 1} 2

We can see that it is difficult to find a consistent pattern, so we enlarge

the range of possible values for x so that x ∈ 1, 2, ..., pe(p− 1).

Example 2. Here are the values for p = 5, g(x) = x+ 1 over the larger range

of values x ∈ {1, 2, ..., (p− 1)pe}.

e |Ne| |N̄e|

1 2 8

2 2 8

3 3 8

4 2 8

5 3 8

6 3 8

7 2 8

We see in this example that the solutions modulo pe each lift uniquely to

solutions modulo pe+1. Or in other words, the value for |N̄e| is constant as e

increases. In this case, 8 is the unique solution.
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Definition 4.4. Multiplicative order of an integer modulo p: The multiplicative

order of any x modulo any prime p is defined to be the smallest positive integer

n such that xn = 1 (mod p). We denote this number n = ordp(x), the order of

x modulo p.

We start by examining N̄e for the case where g(x) = x+ 1 and p = 3.

Proposition 4.5. For p = 3, N̄e = {1, pe − 1, pe + 1} and hence |N̄e| = 3.

Proof. Consider the congruence: xx+1 ≡ x (mod pe) where 1 ≤ x ≤ pe(p − 1)

and p - x. First we will show that each value in the set N̄e solves our congruence.

Let x = 1. In this case, it is clear that xx+1 ≡ x (mod pe).

Next consider x = pe − 1. In this case we use the Binomial Theorem to

expand xx+1 as follows:

(pe − 1)p
e

=

pe∑
k=0

(
pe

k

)
(−1)p

e−kpek.

Because e ≥ 1, each term of this expansion is divisible by pe except the first

term, (−1)p
e

and we have that (pe + 1)p
e ≡ −1 (mod pe). As x itself is also

congruent to −1 (mod pe), we see that this value of x solves our congruence.

Finally consider x = pe + 1. In this case we again use the Binomial

Theorem to expand xx+1 as follows:

(pe + 1)p
e

=

pe∑
k=0

(
pe

k

)
pek.

Because e ≥ 1, each term of this expansion is divisible by pe except the first

term, 1 and we have that (pe − 1)p
e ≡ 1 (mod pe). As x itself is also congruent

to 1 (mod pe), we see that this value of x also solves our congruence.

Next we will show that no other value for x will solve this congruence.

We are looking for solutions to xx+1 ≡ x (mod pe). Because we take x such

that p - x, the gcd(x, pe) = 1 and so we know we can cancel x from both
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sides of this congruence to get that xx ≡ 1 (mod pe). Thus we see that the

multiplicative order of x ∈ (Z/peZ)× must divide x. By Lagrange’s theorem

ordp(x) must divide order of the group, (Z/peZ)×. The order of this cyclic

group is pe−1(p− 1). Thus the multiplicative order of x and by our argument x

itself must be a power of p, a divisor of (p− 1), or a product of both. Since we

have taken x such that p - x, to solve our congruence x and its multiplicative

order must divide p − 1 = 2. Thus the only solutions to congruence must be

values for x in the set {1, 2, ..., pe(p − 1)} that are not divisible by p and have

order 2 or 1 modulo pe. Hence these values for x must be congruent to 1 or

-1 modulo pe. For x in the set {1, 2, ..., pe(p − 1)} when p = 3 there are two

elements congruent to 1 modulo pe and they are 1 and pe + 1 and one element

congruent to -1 modulo pe and that is pe − 1. Hence we have shown that there

are no other solutions to our congruence modulo pe. q.e.d.

We can show that for x in N̄e, for any odd p, ordp(x) must divide p−1 and

ordp(x) must also divide x, itself, itself and the elements x such that ordp(x)|p−1

and ordp(x)|x are all the elements in N̄e.

Proposition 4.6. Given a prime p and a positive integer e for g(x) = x + 1,

we have that N̄e = {x ∈ {1, ..., pe(p− 1)} | p - x, ord(x)|(p− 1) and ord(x)|x}.

Proof. By definition, N̄e = {The set of solutions x to x(x+1) ≡ x (mod pe) for 1 ≤

x ≤ pe(p− 1) where p - x}. To prove our proposition, we need to show that the

set of solutions to x(x+1) ≡ x (mod pe) are exactly the x values 1 ≤ x ≤ pe(p−1)

for which p - x, ord(x)|(p− 1) and ord(x)|x. Thus, we must show that every so-

lution to x(x+1) ≡ x (mod pe) has the property that ord(x)|(p−1) and ord(x)|x

and every such x is a solution to the congruence.

Suppose x is a solution to the congruence x(x+1) ≡ x (mod pe). Since

p - x we can cancel x from both sides of this congruence to see that any solution
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to the original congruence must satisfy x(x) ≡ 1 (mod pe), and, correspondingly,

anything that satisfies x(x) ≡ 1 (mod pe) must also satisfy the original congru-

ence. Thus, any x that satisfies the original congruence must have ord(x)|x,

and any x whose order divides it must be a solution to the congruence. Since

x is restricted to lie 1 ≤ x ≤ pe(p − 1) and p - x, we see that the values for x

modulo pe must sit inside the multiplicative group (Z/peZ)×. This group has

order pe − pe−1 = pe−1(p − 1) and this implies that the ord(x) must divide

pe−1(p − 1). However, since p - x and ord(x)|x the only possible values for

ord(x) are the divisors of (p − 1). Thus we have shown that every solution to

the original congruence in the given interval must satisfy the three conditions:

p - x, ord(x)|(p − 1), and ord(x)|x. Any x that satisfies these three conditions

must be a solution.

q.e.d.

We can try an example of this to see how Proposition 4.6 works.

Example 3. Consider p = 5, e = 1. The values for x which satisfy x ∈

{1, ..., pe(p− 1)}, where p - x are {1, 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14, 16, 17, 18, 19}.

We can calculate the order of each of these values for x.
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x ord(x)

1 1

2 4

3 4

4 2

6 1

7 4

8 4

9 2

11 1

12 4

13 4

14 2

16 1

17 4

18 4

19 2

Among these values for x, we can now eliminate the solutions where the

ordp(x) does not divide x.
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x ord(x)

1 1

4 2

6 1

8 4

11 1

12 4

14 2

16 1

We can now see these values of x are the set of solutions which solve xx+1 ≡ x

(mod 5).

At this point, we can observe our remark from Corollary 4.3, which states

that when g(x) = x + 1, the exponent e is independent of |N̄e|. This implies

that the number of solutions |N̄e| for g(x) = x + 1 is constant as e increases.

We can see this in Example 4.

We will also observe the following patters:

• Solutions of order 1 follow the format pe(a) + 1.

• Solutions of order 2 follow the format pe(a)− 1.

Example 4. Looking at the congruence xg(x) ≡ x (mod pe) for g(x) = x + 1

when p = 5, we can evaluate the values of x which satisfy the congruence at

different values for e and observe their pattern for the cases of order 1 and 2,

as well as that the number of solutions x stays constant as e increases.
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order solutions x in N̄1 solutions x in N̄2 solutions x in N̄3 pattern

1 1 1 1 1

2 4 24 124 pe − 1

1 6 26 126 pe + 1

4 8 68 68

1 11 51 251 2pe + 1

4 12 32 432

2 14 74 374 3pe − 1

1 16 76 376 3pe + 1

Example 5. We can see that these same properties hold true for g(x) = x+ 1

and p = 7
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order solutions x in N̄1 solutions x in N̄2 solutions x in N̄3 pattern

1 1 1 1 1

2 6 248 342 pe − 1

1 8 50 344 pe + 1

3 9 18 18

6 12 30 324

1 15 99 687 2pe + 1

3 18 165 1047

2 20 146 1028 3pe − 1

1 22 148 1030 3pe + 1

6 24 177 1353

1 29 197 1373 4pe + 1

3 30 264 1734

2 34 244 1714 5pe − 1

1 36 246 1716 5pe + 1

3 39 264 2040

We can also observe the frequency of each order.

For g(x) = x+ 1 The number of solutions order 2 are 1/2 the number of

solutions of order 1.

Note that we cannot make this statement for the ratio of solutions of

order greater than 2 since the number of solutions x for any given p is not

necessarily odd or even. However we can generalize that for any two orders a, b

such that b = 2a, the cardinality of b is roughly 1/2 the cardinality of a.

Example 6. We will examine the frequency of each order for p = 3, 5, 7, 11

where g(x) = x+ 1. (Recall that e is independent of N̄e for g(x) = x+ 1.)
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p order frequency

3 1 2

2 1

5 1 4

2 2

4 2

7 1 6

2 3

6 2

11 1 10

2 5

5 8

10 4

We will now prove a few corollaries and propositions.

Corollary 4.7. For p prime, p 6= 2
∑

d|(p−1) φ(d)(p− 1)/d ·Nx(d) solutions to

the congruence xg(x) ≡ x (mod p).

Proof. From 3.1, we have that ω(x1)gx0(x1)g(x1) ≡ x1 (mod p). By the Chinese

Remainder Theorem, there will be exactly one x ∈ (Z/(p − 1)Z)
×

such that

x ≡ x0 (mod p − 1) and x ≡ x0 (mod p). Since x ≡ x0 (mod p − 1), we know

that for each such x : xg(x) = ω(x)g(x0)(x)g(x) ≡ ω(x1)g(x0)(x1)g(x1) ≡ x1 ≡ x

(mod p). Since exactly gcd(p− 1, g(x0)− 1), such x exists for each x0, we have∑p−1
x0=1 gcd(p− 1, g(x0)− 1) solutions to the congruence. Alternatively, for each

choice of x1 ∈ (Z/pZ)× of multiplicative order of modulo p, there are (p− 1)/d

values of x0 ∈ (Z/pZ)× satisfying the congruence and φ(d) choices of x1 with

multiplicative order d for each d|(p− 1).

q.e.d.
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Proposition 4.8. The congruence xx+1 ≡ x mod 2e always has only one solu-

tion for all e ≥ 1 where x is any odd number between 1 and 2e.

Proof. Since we are counting solutions to xx+1 ≡ x (mod 2e) where x is odd,

we can cancel x from both sides of the congruence and count solutions to xx ≡ 1

(mod 2e) instead.

First, we will count solutions to xx ≡ 1 (mod 2) and we see that the only

choice for x is x = 1 and that is clearly a solutions.

We can observe that for e ≥ 1 the value x = 1 is certainly a solution

to xx ≡ 1 (mod 2e). We now want to show that no other values for x work

in the range 1 < x ≤ 2e and x odd. We see that since all values x must lie

1 < x < 2e such that 2 - x and we need xx ≡ 1 (mod 2e) to hold, it must

be that the order of x must divide x which implies that order of x cannot be

even. However x is an element in the cyclic group (Z/2eZ)× of order 2e−1, so

by Lagrange’s theorem ord2e(x) must divide 2e−1 and so ord2e(x) = 1. This

implies that x = 1. q.e.d.

The remaining propositions will be discussed in detail and then proved

more generally in the next section.

Proposition 4.9. Given p = 3 and a particular positive integer e, N̄e = {x ∈

{1, ..., pe(p− 1)} | p - x, xx+2 ≡ x (mod pe)} = 2 + 3be/2c.

We will now plug in values to verify that the congruence holds when

1≤ x ≤ (p − 1). For g(x) = x + 2, p = 3, since p − 1 = 2, our possible

values for x0 are x0 = 0, x0 = 1. When x0 = 0, |N̄e| = gcd(2, 1) = 1. So

ω(x)2 < x >x+2≡ x (mod 3) has exactly one solution. Since ω(x)2 = 1, this

simplifies to < x >x+2≡ x (mod 3). So x = 1 is a solution but x = 2 is not.

For the case x0 = 0, x = 1, we have that ω(1)2 < 1 >x+2≡ 1 (mod 3) implies

ω(1)2(1 + p(a1) + p2(a2) + ...)x+2 ≡ 1 (mod 3) implies 1 ≡ 1 (mod p), which
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is true. So x = 1 is a solution. Now we will consider x0 = 0, x = 2. So

x = ω(2)2 < 2 >4≡ 2 (mod 3)

implies 1× < 2 >4≡ 2 (mod 3). We have that < 2 >= 2/ω(2) = 1 + 3(a1) +

32(a2)+ ..., so 12 (mod 3). So x = 2 is not a solution. When x0 = 1, gcd(2, 2) =

2. So ω(x)g(x0) < x >g(x)≡ x (mod 3) becomes ω(x)3 < x >x+2≡ x (mod 3),

where our possibilities for x are x = 1, 2. Plugging in for x = 1, we have

ω(1)3 < 1 >3≡ 1 (mod 3) which is true, so x0 = 1, x = 1 is a solution.

Plugging in for x = 2, we have ω(2)3 < 2 >4≡ 2 (mod 3). We know that

ω(2) = ω(2)3 ≡ 2 (mod 3), so 2 ≡ 2 (mod 3) is a solution. This verifies that

there are exactly 3 solutions to the congruence when 1≤ x ≤ (p−1). For the case

where x0 ≡ 0 (mod p)− 1, x ≡ 1 (mod p) we know by the Chinese Remainder

Theorem that 1 ≤ x ≤ p(p − 1) has one solution x = 4. For the case where

x0 ≡ 1 (mod p) − 1, x ≡ 1, 2 (mod p) there are 2 solutions 1 ≤ x ≤ p(p − 1),

which are x = 1, x = 5.

Propositions 10 through 12 can tested similarly, and then we will gener-

alize for any odd p.

Proposition 4.10. Given p = 5 and a particular positive integer e, N̄e = {x ∈

{1, ..., pe(p− 1)} | p - x, xx+2 ≡ x (mod pe)} = 6 + 2 ∗ 5be/2c.

Proposition 4.11. Given p = 7 and a particular positive integer e, N̄e = {x ∈

{1, ..., pe(p− 1)} | p - x, xx+2 ≡ x (mod pe)} = 12 + 3 ∗ 7be/2c.

We can think of these equations more broadly by first defining values C

and D as follows for ease in the statement of our theorems:

Definition 4.12. We can define C for g(x) = x+ c as:
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C =

p−1∑
x0=1

gcd(g(x0)− 1, p− 1)− (p− 1)

ordp(x1)
where

x1 ≡ 1− c (mod p).

Definition 4.13 (The constant D). We define D for g(x) = x+ c as:

D =
(p− 1)

ordp(x1)

where x1 ≡ 1− c (mod p).

or more simply, when g(x) = x+ 2, we will show

D = (p− 1)/2.

Definition 4.14. We define C + D = gcd(p − 1, g(x0) − 1)= the number of

solutions x to the congruence

ω(x)g(x0) 〈x〉g(x) ≡ x (mod p)

where x ∈ (Z/pZ)×.

We will examine the number of solutions to the congruence ω(x)g(x0) 〈x〉g(x) ≡

x (mod p) where x ∈ (Z/pZ)× in order to verify that this value is the solution

to C +D.

The main goal of our paper will be to prove the following conjecture for

c = 2 as a formal theorem in the next section of this paper.

Conjecture 4.15. Given prime p and a particular positive integer e, N̄e = {x ∈

{1, ..., pe(p − 1)} | p - x, xx+c ≡ x (mod pe)} follows the trend C + D × pbe/2c
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for values where c ≤ p.

Before proving this conjecture for c = 2, we will first consider the example

where p = 3 in order to better understand what happens to N̄e as e increases.

Looking at solutions to xg(x) ≡ x (mod pe) for g(x) = x + 2, p = 3, we

can identify the solutions x which will be in the set we have called D in the form

x = 2 + 3a+ 32b+ ... whose lifting to solutions modulo higher powers of p will

be more complicated. In these examples, the form x = 2 + 3a+ 32b+ ... is the

value’s 3-adic expansion, and lifting refers to the solution to N̄e when moving

from term e to e+ 1.

In Examples 7-8, g(x) = x+ 2 and p = 3.

Example 7. For e = 2, the solutions x are:

1

5 = 2 + 1 · 3

10

11 = 2 + 0 · 3 + 1 · 32

17 = 2 + 2 · 3 + 1 · 32

Example 8. For e = 3, the solutions x are:

1

17 = 2 + 2 · 3 + 1 · 32

28

35 = 2 + 2 · 3 + 0 · 32 + 1 · 33

53 = 2 + 2 · 3 + 2 · 32 + 1 · 33

Example 9. For e = 4, the solutions x are:

1
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17 = 2 + 2 · 3 + 1 · 32

35 = 2 + 2 · 3 + 0 · 32 + 1 · 33

53 = 2 + 2 · 3 + 2 · 32 + 1 · 33

71 = 2 + 2 · 3 + 1 · 32 + 2 · 33

82

89 = 2 + 2 · 3 + 0 · 32 + 0 · 33 + 1 · 34

107 = 2 + 2 · 3 + 2 · 32 + 0 · 33 + 1 · 34

125 = 2 + 2 · 3 + 1 · 32 + 1 · 33 + 1 · 34

143 = 2 + 2 · 3 + 0 · 32 + 2 · 33 + 1 · 34

161 = 2 + 2 · 3 + 2 · 32 + 2 · 33 + 1 · 34

Looking at the the 3-adic expansions of 5, 11, and 17 in example 7, when

e = 2, we see: 5 = 2 + 2× 3, 11 = 2 + 1 · 3 + 1 · 32, 17 = 2 + 2 · 3 + 1 · 32. Moving

to the case where e = 3, we see that only 17 lifts to a solution modulo p3, and

the other two solutions do not lift to solutions modulo p3. When e = 3, the

digit in the 3′s place of all solutions is constant, (and in this case will always

be equal to 2) and there are three new coefficients 0, 1, 2 in the 32 place. The

pattern when moving from e = even to e = odd is that 1/3 of the values lift

all three ways. To generalize, we will later see that 1/p of the values will lift in

all p ways. Additionally, the coefficients which will lift will always be equal to

p− 1.

Now looking at the jump from e = 3 to e = 4, where p is still equal to 3,

we see that all three values from e = 3 each lift three times in e = 4. We can

see that 17 lifts to

17 = 2 + 2× 3 + 1× 32 + 0× 33,

125 = 2 + 2× 3 + 1× 32 + 2× 33,

125 = 2 + 2× 3 + 1× 32 + 1× 33 + 1× 34.
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We can see that while the 32 place is the same for these three values, there

are now three different coefficients 0, 1, 2 in the 33 place. The pattern is, when

moving from e = odd to e = even, everything lifts 3 times. Again, to generalize,

we will later see that when moving from e = odd to e = even the number of

solutions D in the form x = 2 + 3a+ 32b+ ... will lift p times.

Example 10. To make counting easier, we will consider these values by their

3−adic expansion. Where something of the form a0+a1p+a2p
2+ ...anp

n would

be abbreviated as a0, a1a2...an(p) Looking at the values D, for e=4, we have 17=

2,210(3)

35= 2,201(3)

53= 2,221(3)

71= 2,212(3)

89= 2,2001(3)

107=2,2201(3)

125=2,2111(3)

143=2,2021(3)

161=2,2221(3)

We can examine these values organized in the following way

Example 11. For e = 4, the solutions x:

17=2210 35=2201 53=2221

71=2212 89=2200 107=2220

125=2211 143=2202 161=2222

Here we can see the three values of the previous iteration along the first row, and

each of their two other variations underneath. Notice that in each column, the

3rd digit of each of theses 3-adic expansions has the same number. Each column
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has a value ending in 0, 1, and 2. In other words, all 9 of the solutions for x

when e = 4 have 2’s in the first two digits of their 3-adic expansion. However

in their third digit, there are three 0’s, three 1’s, and three 2’s.

We can see that the third row in the previous Example will be what lifts

when e = 5. So for every solutions x, each digit up through the 32’s place will

be the same value, 2, for e ≥ 5.

Example 12. For e = 5, we see the 9 solutions x written in their 3-adic expan-

sion. We observe that the three solutions from the third column in the previous

example when e = 4, where the third digit of their 3-adic expansion was 2, are

each lifting to different vales 0, 1, 2 in their fourth digit.

x when e ≥ 5.

53=22210 107=22200 161=22220

22211 22201 22221

22212 22202 22222

Proposition 4.16. The values of x that satisfy {x ∈ {1, ..., pe(p − 1)} | p -

x, xx+2 ≡ x (mod pe)} in their 3-adic expansion approach −1 more and more

closely as e increases.

Proof. We see in the previous examples that the coefficient that lifts on the

odd iterations is the value a = 2. So a 3-adic expansion of the form x =

a0 + a1 × 3 + a2 × 32 + ... becomes x = 2 + 2 × 3 + 2 × 32 + .... We will show

x = 2+2×3+2×32+ ... = −1. Consider x = 2+2×3+2×32+ ...+2×3n. Then

let x = limn→∞(2+2×3+2×32+ ...+2×3n) = limn→∞ 2(1+3+33+ ...+3n) =

limn→∞ 2(3n+1 − 1/3− 1) = limn→∞ 3n+1 − 1 = −1. q.e.d.



Chapter 5

Main Theorem

In this chapter we will go over Theorem 5.1 and prove it through a series

of propositions.

Theorem 5.1. Given p an odd prime and g(x) = x+ 2 then

|N̄e| = |C|+
(
p− 1

2

)
pbe/2c

for e a positive integer, bxc function of x, and where

|C| =

(
p−1∑
x0=1

gcd(p− 1, g(x0)− 1)

)
− (p− 1)/2.

To prove this theorem we first prove several propositions, and then we

will put the propositions together to prove Theorem 5.1.

Proposition 5.2. Let p be an odd prime. For each x0 ∈ {1, ..., p − 1} there

are gcd(p− 1, g(x)− 1) solutions x to the congruence

ω(x)g(x0) < x >g(x)≡ x (mod p)
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where x ∈ {1, 2, ..., p− 1}.

Alternatively for x ∈ {1, 2, ..., p − 1} there are Ng−1(ordp(x)) × (p−1)
ordp(x)

values

of x0 ∈ {1, 2, ..., p− 1} such that

ω(x)g(x0) < x >g(x)≡ x (mod p)

where Ng−1(d) = Card{z ∈ {1, 2, ..., d} | g(z)− 1 ≡ 0 (mod d)}.

Proof. By definition < x >≡ 1 (mod p), so the congruence simplifies to

ω(x)g(x0) ≡ x (mod p).

For fixed x0, since by definition ω(x) ≡ x (mod p) and x−1 exists for all

x 6≡ 0 (mod p), this equation has a solution if and only if

ω(x)g(x0)−1 ≡ 1 (mod p)

and this is equivalent to xg(x0)−1 ≡ 1 (mod p). These congruences are satisfied

for x ∈ {1, 2, ..., p− 1} such that ordp(x)|(g(x0)− 1). Since for each divisor d of

gcd(p− 1, g(x0)− 1) there will be φ(d) elements x ∈ {1, 2, ..., p− 1} with order

d, ? that there are exactly gcd(p− 1, g(x0)− 1) values x with ordp(x) dividing

p− 1 and g(x0)− 1. Thus we have proved the first part of our Proposition.

Alternatively, fixing x and counting all x0 that satisfy the congruence

above, the congruence is satisfied whenever ordp(x) | (g(x0)− 1) and this hap-

pens for some x0 if and only if g(x0)− 1 ≡ 0 (mod ordp(x)). For each value of

ordp(x), there are exactly Ng−1(ordp(x)) values of x0 where 1 ≤ x0 ≤ordp(x).

Now since these values repeat in the set {1, 2, ..., p − 1} modulo ordp(x), there

will be in total Ng−1(ordp(x))(p − 1)/ordp(x) such values of x0 in the set

{1, 2, ..., p− 1}. q.e.d.
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Proposition 5.3. Let p be an odd prime such that

|N̄1| =
p−1∑
x0

gcd(p− 1, g(x0)− 1) =
∑
d|p−1

φ(d)

(
p− 1

d

)
Ng−1(d)

i.e. |N̄1| is the number of solutions to xg(x) ≡ x (mod p) where 1 ≤ x ≤

p(p− 1), p - x.

Proof. We know from the previous proposition that for each x0 in the set

{1, 2, ..., p− 1} there are gcd(p− 1, g(x0)− 1) elements x1 in the set {1, 2, ..., p}

such that ω(x1)g(x0) < x1 >
g(x1)≡ x1 (mod p). So we know by the Chinese Re-

mainder Theorem that there is exactly one solution x in the set {1, 2, ..., p(p−1)}

such that x ≡ x0 (mod p− 1) and x ≡ x1 (mod p). Since x ≡ x1 (mod p) and

x ≡ x0 (mod p− 1) the first congruence reduces to the second.

ω(x1)g(x0) < x1 >
g(x1)≡ x1 (mod p)

ω(x)g(x) < x >g(x)≡ xg(x) ≡ x (mod p).

And since there exist gcd(p− 1, g(x0)− 1) x′1s for each x0, by Proposition 5.2,

there must be
∑p−1

x0=1 gcd(p− 1, g(x0)− 1) solutions to |N̄1|.

Alternatively, by Proposition 5.2, for each x1 in {1, 2, ...p} of order d

modulo p, there are (
p− 1

d

)
Ng−1(d)

values of x0 ∈ the set {1, 2, ..., p− 1} satisfying the congruence and since there

are φ(d) such x1 with order d we have our second formula for |N̄1|. q.e.d.
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Proposition 5.4. For p an odd prime and g(x) = x+ 2

|C| =

(
p−1∑
x0=1

gcd(p− 1, g(x0)− 1)

)
− p− 1

2

is the number of solutions to the congruence xg(x) ≡ x (mod pe) where 1 ≤ x ≤

pe(p− 1), p - x and g(x) 6≡ 1 (mod p).

Proof. We first consider the case where x1 ∈ {1, ..., p} and g(x1) ≡ 1 (mod p).

For g(x) = x + 2, this implies that x1 ≡ −1 (mod p). In Proposition 5.3

(with x = x1), we showed that for a fixed x1 ≡ −1 (mod p) there were exactly

Ng−1(ordp(x1))(p− 1)/ordp(x1) values of x0 in the set {1, 2, ..., p− 1} such that

ω(x1)g(x0) < x1 >
g(x1)≡ x1 (mod p). Now since x1 ≡ −1 (mod p), ordp(x1) = 2

and Ng−1(ordp(x1))(p− 1)/ordp(x1) = (p− 1)/2. Now we see that in fact these

(p − 1)/2 possible values for x0, that are paired with x1 ≡ −1 (mod p), are

exactly the odd values of x0 that will allow ω(−1)g(x0) < −1 >g(−1)≡ −1

(mod p).

By the Chinese Remainder Theorem pairing x1 ≡ −1 (mod p) and each

of the (p−1)/2 possible x0, there will be (p−1)/2 values for x (x ≡ x1 (mod p)

and x ≡ x0 (mod p− 1)) with 1 ≤ x ≤ p(p− 1) such that p - x where g(x) ≡ 1

(mod p).

Fix x0 ∈ the set {1, 2, ..., p− 1}, and consider the function fx0
: Zp → Zp

given by fx0(x) = ω(x)g(x0) 〈x〉g(x) − x. Note that

fx0
(x) = ω(x)g(x0) 〈x〉g(x) − x

= ω(x)g(x0)(exp(g(x) log 〈x〉))− x

= ω(x)g(x0)

(
1 + g(x) log 〈x〉+

g(x)2(log 〈x〉)2

2!
+ · · ·

)
− x.
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Now log 〈x〉 ∈ pZp, so

f ′x0
(x) = ω(x)g(x0) ((g′(x) log 〈x〉+ g(x)/x) + (terms containing p))− 1

f ′x0
(x) ≡ ω(x)g(x0)g(x)/x− 1 (mod p)

≡ xg(x0)−1g(x)− 1 (since ω(x) ≡ x (mod p)).

Suppose we have an x1 ∈ the set {1, 2, ..., p} such that g(x1) 6≡ 1 (mod p)

and ω(x1)g(x0) 〈x1〉g(x1) ≡ x1 (mod p). Again, since ω(x1) ≡ x1 (mod p) and

〈x1〉 ≡ 1 (mod p), this gives us x
g(x0)
1 ≡ x1 (mod p). Hence,

f ′x0
(x1) ≡ x

g(x0)−1
1 g(x1)− 1 (mod p)

≡ g(x1)− 1 (mod p).

Since g(x1) 6≡ 1 (mod p), we have that f ′x0
(x1) 6≡ 0 (mod p).

By Hensel’s Lemma 2.1, for fixed x0 in the set {1, 2, ..., p − 1}, each

solution x1 with g(x1) 6≡ 1 (mod p) to the equation

ω(x)g(x0) 〈x〉g(x) ≡ x (mod p)

will lift to a unique solution to ω(x)g(x0) 〈x〉g(x) − x in Zp, the p-adic integers.

Thus this unique solution in Zp will correspond to one solution to the congruence

fx0
= ω(x)g(x0) < x >g(x) −1 ≡ 0 (mod pe) for each e. Putting these results

together with Proposition 5.3 and taking out the solutions where g(x) ≡ 1

modulo p, we have our theorem.

q.e.d.

Proposition 5.5. Let p be an odd prime. Suppose g(x) = x + 2 and g(x) ≡ 1

(mod p). Then xg(x) ≡ x (mod pe) has p−1
2 pbe/2c solutions for x such that

1 ≤ x ≤ pe(p− 1), p - x.
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Proof. We will prove our proposition by fixing x0 ∈ {1, 2, ..., p− 1} where from

Proposition 5.4 above we know that x0 is odd. We use the Taylor series of

the function fx0
(x) to count solutions x1 ∈ {1, 2, ..., pe} where p - x1 modulo

pe by induction on e. That is, for fx0(x) = ω(x)g(x0) < x >g(x) −x we will

count the solutions x1 to fx0
(x) ≡ 0 (mod pe) by induction on e. Then we

will use the Chinese Remainder Theorem to turn each solution pair (x0, x1) ∈

{1, 2, ..., p−1}×{1, 2, ..., pe} where p - x into onex for which x ≡ x0 (mod p−1)

and x ≡ x1 (mod pe) where 1 ≤ x ≤ pe(p − 1), and p - x. These then are the

values x that solve xg(x) ≡ x (mod pe) where 1 ≤ x ≤ pe(p− 1), and p - x.

First since we are considering only values for x where g(x) ≡ 1 (mod p)

and g(x) = x + 2, we have that x ≡ −1 (mod p). Thus to examine values for

x near −1 modulo p, we consider the Taylor series for fx0
(x) around x = −1.

Now fx0(x) = ω(x)g(x0) < x >g(x) −x and so its Taylor series has the form

fx0
(x) = fx0

(−1) + f ′x0
(−1)(x+ 1) +

f ′′
x0

(−1)
2! (x+ 1)2 + ...higher degree terms.

Computing the coefficients of the Taylor series we first see that fx0(−1) =

0. This result follows because by definition fx0
(−1) = ω(−1)g(x0) < −1 >g(−1)

−(−1). Since p − 1 is even -1 itself is always a (p − 1)-th root of 1 and so

ω(−1) = −1 and < −1 >= 1 since ω(−1) < −1 >= −1 by definition. Thus,

fx0
(−1) = (−1)g(x0) + 1 = 0 since x0 is an odd number. Similarly, we show

that f ′x0
(−1) = 0. Here we have that fx0

(x) = ω(x)g(x0) < x >g(x) −x. Using

the relationship between the p-adic exponential function and the logarithm:

< x >g(x)= eln(<x>g(x)) = eg(x) ln(<x>) = exp(g(x) ln(x)). Thus we have that

fx0
(x) = ω(x)g(x0) exp(g(x) ln(< x >))−x. Now, taking the derivative, we have

f ′x0
(x) = ω(x)g(x0) exp(g(x) ln < x >) × (g′(x) ln < x > +g(x)/x) − 1. We will

also use that g(x) = x+ 2 implies g′(x) = 1. And again, ω(−1) = −1 and x0 is
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odd. Thus we have the following:

f ′x0
(−1) = ω(−1)g(x0) exp(g(−1) ln < −1 >)[ln < −1 > −g(−1)]− 1

= −(0− 1)− 1 = 1− 1 = 0.

We will next show that vp(fx0
(x)) = 2vp(x+ 1). Calculating the second deriva-

tive, we have that

f ′′x0
(x) = ω(x)g(x0)[exp(g(x) ln < x >]×{

[g′(x) ln < x > +g(x)/x]2 + g′′(x) ln < x > +2g′(x)/x− g(x)/x2
}
.

Thus f ′′x0
(−1) = −{(0− 1)2 − 2− 1} = 2.

Evaluating the first three terms of the Taylor series for fx0(x), we have

fx0(x) = 0 + 0 + 2/2!(x+ 1)2 + f ′′′(−1)(x+ 1)3/6 + ...+ higher degree terms.

Assuming, for now without proof, that vp(f (n)(−1)/n!)) ≥ 0 for n ≥

3, we complete the argument. Considering this series modulo p, we see that

vp(fx0(x)) = 2vp(x + 1) as long as x 6= −1. To elaborate, if x is not −1, then

the first nonzero term in the Taylor series is (x+1)2 and so fx0
(x) ≡ 0 (mod pe)

if and only if vp(fx0
(x)) ≥ e, and this happens if and only if 2vp(x+ 1) ≥ e.

We can see now from the Taylor series that if fx0(x) = 0 (mod p) then

fx0
(x+ap) = 0 (mod p2) has p solutions of the form x+ap such that x ≡ p−1

(mod p). This is the base case for our induction.

Our inductive hypothesis if e is odd is as follows. We assume fx0
(x) = 0

(mod pe) and e = 2k − 1 (odd), k ≥ 1. Thus x is of the form x = x0 + x1p +

... + xe−1p
e−1 (mod pe) where 0 ≤ xi ≤ p − 1. Then we want to show there

are p solutions x + ape to fx0
(x + ape) = 0 (mod pe+1) for each x solving
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fx0(x) ≡ 0 (mod pe), e = 2k − 1 and k ≥ 1. Since, vp(fx0(x)) = 2vp(x + 1) we

have, e ≤ vp(fx0
(x)) = 2vp(x+1) So we can substitute in 2k−1 ≤ 2vp(x+1). So

it must also be that 2k ≤ 2vp(x+1) = vp(fx0
(x)). So p2k|fx0

(x) and 2k = e+1.

So we have that no matter what a is where 0 ≤ a ≤ p − 1 fx0(x + ape) ≡ 0

(mod pe+1) where x = x0 +x1p+ ...+xe−1p
e−1. So we can say fx0

(x+ape) ≡ 0

(mod pe+1) for all 0 ≤ a ≤ p−1. These are our p solutions so that |N̄e+1| = p|N̄e|

when e is odd.

Suppose e = 2k (even). Then vp(fx0
(x)) = 2vp(x + 1). So fx0

(x) ≡ 0

(mod pe) where x = x0 + x1p + ... + xe−1p
e−1 (mod pe). It must be that

vp(fx0(x)) ≥ e = 2k if and only if 2vp(x + 1) ≥ e = 2k. And we have that

vp(x+ 1) ≥ k. If the vp(fx0
(x+ ape)) ≥ e+ 1 = 2k + 1 then only the x′s where

xi = p− 1 for 0 ≤ i ≤ k will lift, and each of them will lift in p different ways.

This means that only 1/p of the solutions modulo pe will lift to solutions modulo

pe+1. And since each of those that lift in p ways in the case where e = 2k the

number of solutions modulo pe+1 will equal the number of solutions modulo pe,

so that |N̄e+1| = |N̄e| when e is even.

We can see vp(fx0
(x)) ≥ 2k + 1 if and only if 2vp(x+ 1) ≥ 2k + 1 if and

only if 2vp(x + 1) ≥ 2k + 2 if and only if vp(x + 1) ≥ k + 1. So x + 1 ≡ 0

(mod pk+1) and x ≡ −1 (mod pk+1).

In other words only x of form x = (p − 1) + (p − 1) · p + (p − 1) · p2 +

...(p − 1) · pk−1 + .... lift to solutions modulo pe+1 and the ones of the form

x = (p−1)+(p−1)·p+...+(p−1)pk−1+apk+· · · where a 6= (p−1) will not. So the

lifted values for x will equal (p−1)+(p−1)·p+...+(p−1)·pk−1+(p−1)·pk+a·pk.

Since there are (p− 1)/2 possible choices for x0 and for each of these x0

there are pbe/2c solutions x modulo pe to fx0
(x) (mod pe).

Now letting the solutions x of fx0
(x) ≡ 0 (mod pe) that we found above

modulo pe be denoted by x1. By the Chinese Remainder theorem, each solution
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pair (x0, x1) ∈ {1, 2, ..., p− 1} × {1, 2, ..., pe} where p - x, becomes one solution

x ∈ {1, 2, 3, ..., (p − 1)pe} which are the values which solve xg(x) ≡ x (mod pe)

where 1 ≤ x ≤ pe(p− 1), and p - x. q.e.d.

Finally we are ready to prove our Theorem 5.1 from above.

Theorem 5.1. Given p an odd prime and g(x) = x+ 2 then

|N̄e| = |C|+
(
p− 1

2

)
pbe/2c

for e a positive integer, bxc function of x, and where

|C| =

(
p−1∑
x0=1

gcd(p− 1, g(x0)− 1)

)
− (p− 1)/2.

Proof. We see from Proposition 5.5 that when g(x) ≡ 1 (mod p), then the

congruence xg(x) ≡ x (mod pe) has
(

(p−1)
2

)
pbe/2c solutions for 1 ≤ x ≤ pe(p−1)

where p - x. We also see from Proposition 5.4 that, since the cases where

g(x) 6≡ 1 (mod p) lift uniquely, |C| is equal to the total number of solutions in

|N̄1| =
∑p−1

x0
gcd(p− 1, g(x0)− 1) minus the (p− 1)/2 solutions modulo p that

lift in a more complicated way because g(x) ≡ 1 (mod p) causes the derivative

modulo p to be 0. Putting these two results together, we have that

|N̄e| = |C|+
(
p− 1

2

)
pbe/2c

for any positive integer e. q.e.d.



Chapter 6

Conclusion and Future

Work

In this paper, we reviewed the known theorems from Holden, Richardson,

and Robinson [3] that count solutions |N̄e| to the congruence xg(x) ≡ x (mod pe)

in the range where p is prime, x ∈ 1, 2, ..., pe(p− 1) and p - x. We examined the

patterns of the solutions x when g(x) = x + 1 and we proved that for an odd

prime p and g(x) = x+ 2 then |N̄e| = |C|+
(
p−1
2

)
pbe/2c.

We have yet to prove the formula for |N̄e| when g(x) = x+ 2 and p = 2,

since our main theorem only covers when p is an odd prime. However, we state

the following conjecture:

Conjecture 6.1. For p = 2 and g(x) = x+ 2, |N̄e| = 2e−1 when e = 1, 2, 3 and

|N̄e| = 2be/2c + 2 for e ≥ 4.

This conjecture implies that |N̄e| = 1, 2, 4, 6, 6, 10, 10, 18, 18, etc. when

p = 2.

Notice that for p = 2 the pattern |N̄e| = |C|+
(
p−1
2

)
pbe/2c only holds for

44
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e ≥ 4. We see a similar phenomenon when considering |N̄e| for g(x) = x+ c for

a positive integer c. We state the following conjecture:

Conjecture 6.2. For g(x) = x + c, |N̄e| = |C| + |D|pbe/2c only holds for all

e ≥ 1 when p ≥ c+ 1.

Below we include data to back up this claim. Further steps after this

point would be to prove these two conjectures, as well as to come up with a new

formula for the p’s where our formula does not hold.

To get a sense of this trend, we observe the values for C and D in the next

few examples when they satisfy the equation of the form |N̄e| = |C|+ |D|pbe/2c

for all e and g(x) = x + c, at a few different values for c. When there was no

value that satisfied C or D in the equation for |N̄e| and all e, the space was left

blank.

Example 13. The following is the pattern for g(x) = x+ 3

p C D C+D

2

3 2 1 3

5 6 2 8

7 12 3 15

11 22 5 27
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Example 14. We see that when g(x) = x+ 4 the pattern only works for p ≥ 3

p C D C+D

2

3 3 0 3

5 6 2 8

7 12 3 15

11 22 5 27

Example 15. Similarly, we see that when g(x)=x+5 the pattern only works for

p ≥ 3

p C D C+D

2

3

5 4 4 8

7 14 1 15

11 26 1 27

Note that p ≥ c+ 1 is satisfied by Examples 13-15.
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Appendix A

Appendices

The following Magma code was used in order to prove to examine solu-

tions to the congruence xx+1 ≡ x modulo pe for every x in the range 1 ≤ x ≤

pe(p − 1). This code can be edited to examine solutions for values xx+c ≡ x

modulo pe for an integer c.

rae:= function(p,e)

local x, h, b, count;

count:=0;

for x in [1..p^e*(p-1)] do h:=(x mod p);

if (h ne 0) then

b:= (x^(x+1)-x) mod p^e;

print x, b;

if (b eq 0) then count := count +1;

end if;

end if;

end for;

return p, e, count;
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end function;


